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ANALYTIC FUNCTIONS RELATIVE TO A COVARIANCE MAP r/: 
I. GENERALIZED HAAGERUP PRODUCTS AND ANALYTIC 

RELATIONS 

YOANN DABROWSKI 


Abstract. We generalize module weak-* Haagerup tensor products to obtain complete 
quotients of normal Haagerup tensor product included in canonical Hilbert spaces associated 
to completely positive normal (covariance) maps on a finite von Neumann algebra B. We 
construct in this way dual operator spaces, providing new examples even in the case of 
module extended Haagerup tensor products. This is the basis for defining a matrix normed 
algebra of analytic functions that captures the relations of free semicircular variables with 
covariance rj. We prove that a class of non-commutative random variables having finite 
Fisher information relative to rj have also no analytic relations among our class of analytic 
functions. 


Introduction 

In a fundamental series of papers, Voiculescu introduced analogs of entropy and Fisher in¬ 
formation in the context of free probability theory. A hrst microstate free entropy 
is dehned as a normalized limit of the volume of sets of microstate i.e. matricial approxi¬ 
mations (in moments) of the n-tuple of self-adjoints Xj living in a (tracial) lU*-probabihty 
space M. Starting from a definition of a free Fisher information |Voi98j . Voiculescu also 
dehned a non-microstate free entropy x*(Xi, ...,X„). For more details, we refer the reader 
to the survey |Voi02j for a list of properties as well as applications of free entropies in the 
theory of von Neumann algebras. 

Morally speaking, hnite entropy is a (strengthened) substitute for “absolute continuity” 
with respect to free semicircular variables, which are the reference variables. Most assump¬ 
tions of results applying free probability to von Neumann algebras are related to free entropy 
or free Fisher information. Especially, the most recent isomorphism results using monotone 
transport |GS12j uses analytic assumptions on conjugate variables (the free analogue of score 
function) and obtains analytic transport maps. 
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Moreover, starting from |Sp98| , semicircular variables relative to a subalgebra have been 
studied in the framework of conditional free probability. Those variables have been further 
investigated from a von Neumann algebra viewpoint, for instance in |Shl99] . In this context, 
for a family (S'j)ig/ of semicircular variables over a von Neumann subalgebra B, the covariance 
map on B dehned by rfijih) = EsiSibSj) is the basic parameter. In general, any rj : B ^ 
B ® B{i‘^{I)) normal completely positive map can be obtained in such a way. However, 
we will only consider the tracial case where B has faithful normal tracial state and where 
r] is r-symmetric, i.e. T{r]ij{h)c) = T{b7]ji{c)),b,c G B which is a necessary and sufficient 
condition so that the algebra generated by B and Si to be tracial (see |Shl99( Prop 2.20]). 

The corresponding relative entropy has been introduced in |Shl00] . see also section 3.3 
bellow for a reminder. 

Contrary to the setting with rj = t corresponding to ordinary free entropy, that prevents 
analytic relations |Dabl0l lemma 37] (see also more recent developments in |MSW 14] IShll4] ). 
the general case has to deal with lots of relations. The covariance map r] encodes relations 
of B and S^. For instance, when t] : B ^ B is a (trace preserving) conditional expectation 
r] = Ejj, D <Z B, then the variable S commutes with D, and even B and S are free with 
amalgamation over D so that the commutation relation is basically the only relation. 

Trying to generalize transport for semicircular variables with covariance thus implies to 
deal with these relations in a analytic function setting. The goal of this paper and the 
following series is to develop the analytic tools needed in this respect. Motivated by an 
ongoing joint work with Guionnet and Shlyakhtenko on transport, our analysis will be based 
on Haagerup tensor products (see sections 1.1, 1.2 for reminders). 

Even though the nice commutation relations of projective tensor product with direct 
sum would maybe suggest its use as a first choice for analytic functions, its lack of injectivity 
and its complicated kernel, when mapped to minimal tensor product in absence of approxi¬ 
mation properties, makes it hard to use to capture relations. On the other hand, being both 
projective and injective, having canonical maps C C ^ C for any operator algebra, the 
Haagerup tensor product will be much easier to use. The projective feature will be useful for 
the algebraic properties required by analytic functions while the injective feature will help 
taking care of relations. We will still need to capture our relations in a new variant of this 
tensor product in the general covariance case r]. 

The case of the already studied module Haagerup tensor product that captures the com¬ 
mutation relation, the case rj = Eo for us, will be our starting point and an important tool 
for our generalization. For obtaining weak-* compactness, we look for dual operator spaces. 
The study of module extended Haagerup tensor product with this feature has been started 
by Magajna in an impressive series of papers culminating in |M97l IMPS] with a convenient 
duality theory. However, contrary to the non-module case, we don’t have in general equality 
but only X ®ehD Y C (X[, ®hD' bj|)^ for an appropriate notion of module predual and 
module dual Xk Our Erst main result expresses how this issue does not appear in the 
situation we are interested in where X, H are hnite von Neumann algebras fTheorem [T5]l . 
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At this stage, we will know X ®ehD ^ is both a complete quotient of a huger non module 
Haagerup tensor product, the normal Haagerup tensor product X®„hY and included, in the 

case X = Y = M finite von Neumann algebra, in a canonical Hilbert space BSB^ 
related to the semicircular S of covariance ids- 

Those two features will give our guiding line in the general case to get our Haagerup 
tensor product relative to r]. We will look for a complete quotient included in a Hilbert 
space related to semicircular variable of covariance r] . Moreover the weak-* topology will 
be induced on bounded sets by the one of the Hilbert space and we will indeed obtain 
dual operator spaces. The extended Haagerup tensor product will also reappear to obtain a 
substitute of associativity in this context in Theorem [221 

Finally, we will be able to introduce a class of analytic functions based on these Haagerup 
tensor products of subsection 2.2. Section 3 will explain the most general results, and obtain 
evaluation maps and free difference quotients. Then Theorem 01] will show that the relations 
captured by these techniques are indeed related to the relative free entropy setting of |ShlOO] . 
generalizing partially |Dabl01 lemma 37] and |MSW14] IShlldj . We should emphasize that 
our results only says that finite Fisher information prevents having more analytic relations 
than semicircular variables, it does not give any answer about the interesting conjecture 
that they should exactly the same relations, maybe under more restrictive assumptions on 
conjugate variables. A second paper in this series will deal with more technical results on 
analytic functions for applications to transport. 

Let now describe the content in detail. The paper contains 3 sections after this intro¬ 
duction. Section 1 contains preliminary material, mostly using operator space techniques. 
Section 1.1 and 1.2 give background on Haagerup and module Haagerup tensor products. 
Section 1.3 starts the specialization to finite von Neumann algebras and describe module 
preduals in that case. Since analytic functions will need an appropriate type of direct 
sums, we describe an obvious candidate in section 1.4 keeping stable the class of operator 
modules. Section 1.5 describes various shuffle maps between various tensor products, mostly 
of projective type (or various duals of projective or nuclear tensor products) and Haagerup 
type (including normal and extended), that will be useful to define evaluations of our analytic 
functions. We also need in that respect a projective product adapted to operator modules. 
Technically functoriality often reduces some spaces to be taken only a matrix space. We 
also have to keep functoriality of the construction in order to be able to use several times 
iteratively on analytic functions. Subsection 1.6 and 1.7 are essentially technical. They use 
some matricially normed space structure (which are not operator spaces) on duals to obtain 
a density result enabling to prove the automatic normality result in section 2.1. To give an 
intuition, we need to put matrix norms natural as algebras oi CB maps (for compostion) on 
our finite von Neumann algebra instead algebras of bounded operators on a Hilbert space. 
This enables us to exploit reflexivity of in a case where considering only bounded op¬ 
erators on a Hilbert space make arrive annoyingly in L^. Hopefully, the original paper of 
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Blecher and Paulsen on Haagerup tensor product gave a guiding line for the use of such more 
general matricially normed spaces. 

The result in section 2.1 is then easily obtained and we can, in that way, identify various 
module extended Haagerup products with duals of module Haagerup products without extra 
normality conditions. This will be crucial to exploit a dual operator space structure on them 
later. Section 2.2 then dehnes the generalized Haagerup products relative to covariance 
maps, and expresses n-ary tensor products in terms of ordinary module extended Haagerup 
product of 2-ary products. This will be what will serve as substitute of associativity since 
extended Haagerup product is associative. In the same way as multiplication with module 
products make appear a notion of commutant, we need to develop the appropriate substitute 
in section 3.3 for the case with covariance maps. 

We are then ready to introduce analytic functions. We start by a universal class using 
normal Haagerup tensor products in section 3.1. It enables to keep weak-* continuity of 
evaluation. Then we introduce a natural complete quotient associated to our Haagerup 
tensor product with a covariance map. We can build in section 3.2 evaluation maps and free 
difference quotients while keeping some weak-* density of ordinary polynomials and some 
weak-* continuity properties. Finally, we recall free entropy relative to our covariance map 
in section 3.3 and explain our absence of analytic relation result. Most of the preliminary 
material has been developed in the universal context of section 3.1 and for building evaluation 
maps. The proof is thus quite similar to the case t] = t, once the appropriate analytic 
machinery has been developed. 


1. Preliminaries 

1.1. Haagerup tensor products. We will use variants of Haagerup tensor product 
of some C* algebra H as a building block for analytic functions. Recall, there is always a 
multiplication m ■. A A ^ A and this characterizes operator algebras (see e.g [pqH 
Th 6.2]). The Haagerup tensor product is well known to be associative, non-commutative, 
projective and injective. We recall the following well known properties of this tensor product 
that will make it well suited for our purposes. We mostly refer to |P03] or to |ER00j for 
details. 

We now recall more sophisticated results about dual Haagerup tensor products. Even 
if we won’t recall dehnitions, let us remind there are mostly three dual Haagerup tensor 
products : the weak-* Haagerup tensor product |BS92] of dual operator spaces such that 
X* <^w*hy* = (W Y)*, its extension by injectivity the extended Haagerup tensor product 
X ®eh Y (cf e.g. [ER03] ) and hnally a dual version of this last tensor product the normal 
Haagerup tensor product UK] again dehned only for dual operator spaces X* Y* = 
(W <8),;, F)T 
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Theorem 1. (1) [BS921 [ER03] For any operator spaces Xi,...,Xn there are completely 

isometric inclusions Xi ■■■ Xi <S)eh ■■■ ®eh and 

{Xi ... ®h XnY ~ X* ®eh ... ®eh X* ^ (X* ... ®ah X*) ~ (Xi ... ®eh X„)* 

the second inclusion having as retract the natural weak- * continuous projection dual of 
the first. Moreover ®eh and are associative, define contractive tensor products of 
maps and if Xi C Yi completely isometrically, then Xi®eh---®ehXn C Yi<^eh---®ehYn, 
completely isometrically (i.e. ®eh is injective, but it is not projective) 

(2) |EKj For M C B{F[),N C B{K) von Neumann subalgebras, the lateral multiplication 

map {x ® y) i—)■ ® y) ■. T xTy) extends uniguely to a weak-* a-weakly 

homeomorphic isometric {M, N)-bimodule isomorphism of M ®ah X with 
bimodular completely bounded maps on B{K,F[) : CBm',n'{B{K, Ff), B{K, Ff)). 

As a conseguence, {x (8) y)if{x' ® y') = {xx' ® y'y) extends to a Banach algebra 
multiplication on M X corresponding to composition in the isomorphim above. 

(3) |BS92j For M C B{F[),N C B{K) von Neumann subalgebras, the lateral multiplica¬ 
tion map {x®y) i—)■ {'ipo{x®y) : T i—)■ xTy) extends uniguely to a complete isometric 
weak-* homeomorphic (M, N)-bimodule isomorphism of M ®eh X ~ M ®w*h X with 
(M',N') bimodular completely bounded maps from compacts X(K,H) to B(K,H) : 

Especially, there is a extension of the multiplication map m : M M ^ M. 

Moreover {x®y)if{x'®y') = [xx'®y'y) extends to a Banach algebra multiplication 
on M ®eh X weak-* continuous in the first but not in the second variable. 

(4) |BS92j For any von Neumann algebras M, N the canonical map M ®f,h X —)■ M®N 
to the von Neumann tensor product is an injection. 

As a conseguence, if Mq C M, Nq <Z N finite, we have inclusions M ®h X C. 
M ®eh X C M®X C L‘^{M ® N, r) such that the projection Pl‘^(Mq®No) restricted to 
M ®eh X eguals Emq ®eh and restricted to M ®h X eguals Emq ®h E^q . 

The reader should note that from the proof by duality of the last statement, the crucial 
injection to the von Neumann tensor product of M®ehX is not valid for M®crhX in general. 
Looking for such type of inclusion will be crucial for us to generalize those various Haagerup 
tensor products. 

1.2. Haagerup tensor products of H-modules. There are mainly 3 kinds of Haagerup 
tensor products of operator modules over a C* algebra D which will be usually a von Neu¬ 
mann algebra. 

We follow [M05j for notation. For X a right D operator module (written X G OMu) and 
Y a left D operator module, X ®hD Y is the quotient of X ®hY by the closed subspace 
generated by elements of the form xd®y—x®dy, x E X,y E Y,d E D, cf. [BLMl section 3.4]. 
If H is a von Neumann algebra, there is also a notion of extended Haagerup tensor product. 
This is the only one not having an obvious quotient description even though there is a less 
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obvious one. This is not obvious because, even though the extended Haagerup product is 
often a dual operator space, the module variant is not a quotient by a weak-* closed subspace. 
The two other products are as follows, for X a strong normal right D operator module and 
Y a strong normal left D operator module (see |M97] . written X G SOMd) X ®ehD Y and, 
for normal dual operator modules (see |M05j especially for the terminology above, written 
X G NDOMd, Y G dNDOM) a normal Haagerup tensor product which coincides 

with the obvious quotient by the weak-* closure of the module generated hj — We 
hrst recall a few known general results.The reader should remember the specihc class where 
each product is well behaved and dehned, respectively operator modules, strong operator 
modules and normal dual operator modules which is more and more restrictive. 

Theorem 2. (1) (Associativity) jBLM( Th 3.4.10] For X G OMn^Y G dOMd^Z G 

dOM, we have X ®hD Y G OMo, Y ®hD Z G dOM and : 

(X ®hD Y) ®hD Z = X ®hD (Y ®hD Z). 

p™ Prop 4.1, Th 4.3] For X G SOMd,Y G dSOMd,Z G dSOM, we have 
X ®ehD Y G SOMjj, Y ®ehD Z G oSOM and : 

(X ®ehD Y) ®ehD Z = X ®ehD (Y ®ehD Z). 

(2) (Fonctoriality,Injectivity) |BLM( lemma 3.4.5] For any completely hounded D-module 
maps between operator spaces 

Ml : Ai —>■ Bi, U 2 '■ A2 —)■ B2, Hi, Bi G OMf), H2, B2 G jjOM 
the maps 

Ml 0 D U2 '■ Ai ®hD A2 —)■ Bi ®hD B2 

is completely hounded, and |AP02l section 7] it is completely isometric if Ui,U2 are. 
|M971 Proof of Prop 3.3] (see also |B97b( Th 2 . 3 ]) If D is a von Neumann algebra, 
for any completely hounded D-module maps between strong operator spaces Mi : Hi ^ 
Bi,U2 : H2 -)■ B2,Ai,Bi G SOMd,A2,B2 G pSO M the maps Mi (^p M2 : Hi (^eho 
A2 — )■ Bi ®ehDB2 is completely bounded, and |M051 Proof of Prop 3.12] it is injective 
if ui, U2 are. 

(3) (Module duals) pM lM95l lemma 2.4] If X e SOMp,Y G pSOM there are 
completely isometric inclusions X ®hp Y ^ X ®ehD Y |M05[ Th 3.2,Th 4.2,] if 
M, D, N are finite von Neumann algebras in standard form on their space, X G 
mSOMp,Y e pSOMn, if we call X^ := CBm{X, B{L\D), L\M)))p, 

:= CBp{X,B{L\N),L\D)))n the (proper) bimodule duals, and (XO/^bF)^^” 
the subspace of {X ^hoY^ '■= CBm{X ®hDY,B{If{N),If{M)))]s[ of maps normal 
in D, then if D' ~ D°p is the commutant of D in its action on L^{D) 

(X F)^^” ~ X^ ®ehD' Y^ D X^ ®hD' Y\ 

X^ ~ (X Y)^ ~ X^ 0 ., Y^/Q{D'). 
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with Q{D) the weak-* closed subspace of generated by all elements of 

the form xh®y — x®hy,xE y E Y\ b E D'. 

(4) (Multiplication, adjoint) [M051 Th 4.4] For M C B{H),N C B{K) von Neumann 
subalgebras containing D as a common sub-von Neumann algebra the lateral multipli¬ 
cation map {x®y) i—)■ {'ipQ{x®y) : T i—)■ xTy) extends uniguely to a weak-* homeomor- 
phic completely isometric {M, N)-bimodule isomorphism of M N with {M',N') 
bimodular completely bounded maps from Bd{K, H) = D' H B{K, H) to B{K, H) : 

CBM',N'{Bn{K, H), B{K, H)) = M 

Especially by definition M ®ehD N ^ M ®ahD N completely isometrically. As a 
conseguence, {x®y)if ® v') — ® v'd) extends to a Banach space module 

map on M ®ahD X x {D' fl (M ®ahD N)) or a Banach algebra multiplication on 
D' n {M ®uhD N) ~ CBm',n'{Bd{K, H), Bd{K, H)) corresponding to composition 
in the isomorphim above (thus weak-* continuous in each variable) and these maps 
restricts to the corresponding extended Haagerup tensor products and Haagerup tensor 
product. 

Likewise, as a conseguence, if M = N the map U E (M ®o-hD M hE- U* defined by 
U*{B) = ifJffB*)* for B E Bd^H) is an isometric antilinear involution that restricts 
to {M ®ehD M, {D' n (M ®ehD M),D'n (M ®^hD M. 

For X E mOMjsi, we used the notation of |M05j for the (proper) module dual : = 
CBm{X,B{L\N),L\M)))m. 

Because of the normality issue in Theorem [2](3) above, it seems natural to dehne for X, Y 
normal dual operator modules (over D') with a canonical inclusion 

/ : X ®,hD' Y ~ (X^ ®,,n C (X^ ®hd =: X X 

In this way there is automatically a completely contractive projection 

P : X ®ahD' X —)• X ®w*hD' Y 

dual to the inclusion between Haagerup and extended Haagerup tensor products. However, 
contrary to the case D = C there is only a complete isometric embedding 

J : X^ ®ehD' Y^ -A X^ 

from |M97l Prop 3.10] (but in general no X*’ ®w*hD' X^ ^ X^ ®ahD' X^) and of course one 
sees from the dehnitions that PoJ = I. However, it is convenient to use the weak-* topology 
on X^ ®w*hD' X*’ and consider the topology induced on X^ ®ehD' X*’ as will be motivated in 
the next proposition in the case we will be interested in. We can also consider on X^ ®ehD' Y'^ 
the topology generated by the weak-* topology and the supplementary seminorms indexed 
hy X E X,y eY and given for H G (X ®hD by : 

Px,y{^) = sup \Q{x®Ddy)\. 

dGDi 
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We will call this the normal weak-* topology on ®ehD' and this of course insures 
preservation of normality in the limit. 

Since we will use often several tensor product variants of [MO 51 Theorem 3.2] and this will 
be crucial for us, we write it explicitly and will use obvious variants of the normal weak-* 
topology. We may still refer to it as |M051 Theorem 3.2] except for the supplementary results. 
The reader should note that the dual setting is crucial here for the complete quotient map 
since the extended Haagerup product is known not to be projective by |ER03j even in the 
operator space case. 

Lemma 3. Let Ri, ...An+i von Neumann algebras and Xi,Yi G then (Xi <S)hA 2 

• •• -Annormai = ••• ®ehA'^ x'^ compMely isometrically as Ai - An+i 

bimodules. If Jj : Xj C Yi is a complete isometry between strong modules, then the module 
dual of their tensor product induces a complete guotient map : 

(Jl 0 ... 0 4)^ : Y,^ 0ehA', - 0ehA',, ^ Xi 0e/,A' - ®ehA',, X^ 

If moreover Xi G AiXDOMAi+i, then 

(X]^ ®rjhA2 ••• ®ahAn Xjf) . ((X]^)[j ^ehA'^ ••• ^ehA'„ (•••(^1 ®ahA2 ^2)'" ®ahAn ^n)- 

Finally, for Xi G AiSOMAi^^, if 

I : xj 0e/iA^ ... 0e/iA; X^ C (Xi ®hA 2 ••• ®/iA„ Xn)'^ ='■ X{ ®w*hA'^ ■■■ ®w*hA'„ X\, 

is the canonical bimodular complete isometry and 

P : (x{ 0o-/iA^ ... ®ahA'„ XY) -A- x\ ®w*hA'.^ ••• ®w*hA'„ 

the canonical bimodular weak- * continuous complete guotient map, then there is a bimodular 
complete isometry 

J : xj ®ehA'.^ ■■■ ®ehA'„ X^ {X\ ^^hA'^ ■■■ ®ahA',, X^) 

with commutative diagram P o J = I, and uniguely determined by the relation : 

j{v){ ®® ••• ® ® ® ••• ® 

Proof. For the hrst part, the case n = 2 is |M051 Theorem 3.2] and by induction, we 
have to check that (Xi ®hA 2 ••• ®hA„_i = (Xi ®hA 2 ••• ®hA„ 

^^)liA 2 ,...,A„normaq R^ecall that if Hn is a hxed proper An (Hilbert) module, (Xi ®hA 2 ■■■ ®hA„ 
Xn)^ = CBai{Xi ®hA2 ■■■ ®hAr, Xn, B{Hn+l^ Hi))A^+i- What we know by associativity and 
the case n = 2 is that (Xi ®hA 2 ••• ®/iA„ = (Xi ®hA 2 ••• ®/iA„_i Xn-if ®ehA'n 

By injectivity of the module extended Haagerup tensor product, we know that the spaces 
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we want to identify are subspaces. The complete isometry and modularity will we obvious 
once identified the subspaces. Note that 

(Xi ®hA, ... ... Xi 

C (Xl ®hA2 ... ®hA^ Xn)^^2 . A„r.or^al^ 

is obvious with the same explicit pairing that in (the easy part of) |Mn5( Theorem 3.2] 
we thus check the converse. Thus take u G Mij{Xi ®hA2 ■■■ ‘^hAu Xn)^ = CBa^{Xi ®hA2 

... V e = CBASX^,B{H^+^,e{I) ® 

so that M © n is a typical element of (Xi ®hA2 ■■■ ^hA^.i Xn-i)'^ ®ehA'„ X'^ and assume it 
lies in (Xi ®hA2 ■■■ ®hAr, X„)^'^2. -Annor.may xPeu dehue H = Span{v{x)[h],x G X„, h G 
Hn+i} C © Hn- It is invariant by action of An since for a E An a[T(a;)[h]] = v{ax)[h] 
and thus the projection on its closure p E A'^ H B{i‘^{I) © Hn) = Mj{A'^). (by default 
A'^ = A'^n B(Hn)).Thus by results of Magajna uQv = uQpv = upQ pv. Now it suffices to 
show that up E Mij{Xi ®hA2 ■■■ ®hA„ X„)^^2’ -’^"-i"°™“b i.e for any e*, i G / for the canonical 
basis of up{ei © .) G Xi ®hA2 ■■■ ®hA„ Xake Xm E H tending to 

p{ei © for ^ G Hm it is easy to see that u{xm) has the right normality by the assumption 
on w 0 n, thus by a norm limit up{ei © .^)has it too or said otherwise up{ei © .) is normal 
for the weak topology at the target and again by normwise density (of elementary tensors 
in trace class) this is enough. 

For the complete quotient map, hrst note that one has a complete contraction (Ji © ... © 
In)'^ ■ {Yi ®hA2 ... ®hAn YnY (Xi ©/j^z ... ©/xA„ -^n)^ that ffiduces on the normal part the 
map we want. Let us check it is a quotient map. Start with the case n = 2 , thus take 
<h G M„((Xi ®hA2 X2)^"^2>^o’->^“') of norm < 1 and hnd, by the version of Christensen-sinclair 
representation Theorem in |M 97 l Th 3 . 9 ], an Hilbert space H with a normal representation of 
A2, $1 : Xi —)■ i?(iL, iLf), $2 : X2 —)• B{H^,H) bimodular completely (strictly) contractive 
such that $(a;i ©0:2) = <hi(a;i)<F2(a;2). Since G X^ for some (maybe non proper) dual, one 
can use, since X*, T) are strong |M 05 [ Prop 3.12 (ii)] to get complete quotient maps —)■ X^ 
thus giving Ti : Yi —)■ i?(iL, Ff”), T2 : X2 —)■ B{H^,H) bimodular, completely contractive 
extensions of <Fds. We thus dehne T(i/i©i/2) = d'i(i/i)T2(i/2) as extension of <h and from the 
normality of H it is easy to see T G Mn{{Yi ®hA2 F2)*’'^2"°™“*) as expected of norm ||T|| < 1 . 
This concludes to the complete quotient map in the case n = 2 , the general case is left to 
the reader. 

For the last part, we consider only the case n = 3. Then by dehnition in |M05[ section 
4] (Xi ®ahA 2 X 2 ) ®ahA 3 X 3 = ((Xi ®ahA 2 ^ 2 ) 1 , ©ehA^ (Wa)^^. And from |M05l Th 2.17] 
(Xi ®ahA 2 ^ 2)15 = (Xi)(, ©ehA^ (W 2 )t] If and only if this last module is a strong operator 
module which is the case by [M971 Prop 4.1]. The result, as well as the general n case by an 
easy induction, follows from associativity of module extended Haagerup product of strong 
modules |M97l Theorem 4.3]. 
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J is obtained by iteratively applying |M971 Prop 3.10] and the uniqueness condition ex¬ 
pressing the extension on standard tensors there implies the relation P o J = I. □ 

1.3. Concrete examples of module duals in the finite case. From now on B, D, M, N 
will be finite von Neumann algebras with a fixed faithful normal tracial state r. 

We may still call them only finite von Neumann algebras and sometimes more precisely W* 
probability space. L‘^{N) = L‘^{N,t) will then be the associated Hilbert space realizing the 
standard form Hilbert space for N. All inclusions B <Z N will be with agreeing trace. 

To describe the proper module dual in the cases we will be interested in, we will need 
other results of the paper [M05j . We equip in general the Hilbert space L‘^{N) with its left 
module structure and its column Hilbert space operator space structure as in this paper if 
not otherwise specified. If not otherwise specified, we write L‘^{N)* for its dual, the right 
module with row Hilbert space structure [BLMI IMPS] . Then, |M051 Corol 3.5], for X an 
M — N operator bimodule, X®hNL‘^{N))* e m'NDOMm' (with operator 

space dual structure, the commutant actions referring to commutants on L‘^{N)). 

For X e mNDOMn, there is a predual X^ := NCBm{X, B{L\N), L\M)))n. Then, 
|M051 Th 2.17, 3.7], X G mOM^ is strong if and only if (X^)[, = X, and for any X G 
mNDOMn, X ~ (X[,)^ as a completely isometric weak-* homeomorphic isomorphism. 

From |M051 Prop 4.3], if A, B (Z M von Neumann subalgebras and we consider M G 
aNDOMb, then 

(1) {aMb\ ^ Ba{L\M), L\A)) Bb{L\B), L\M)), 

by identification with the side multiplication map. 

We will relate these with natural objects studied by von Neumann algebraist, for D C M, 
finite von Neumann algebras: the space of right bounded vectors is 

mL\M)b^d) ■= {^ ^ L\M) : 3C>0WdeD,\m\2<C\\d\\2}, 

normed with ||,^|| = sup||^|| 2 <i^rfgi 5 Il'C'^lb = This space is thus an H-module in 

the sense of C*-modules. We recall the classical norm on by ||(2/p)|P = 

\\[J2 kED{y*kiykj)]ij\\ Mn(D) as the canonical operator space structure of the (right) C*-modules 
studied in |B97] . It is shown there that mL‘^{M)l2^^b>) ®hD L^{.D)c is completely isometric to 
a column Hilbert space, namely L‘^{M)c. 

Likewise, we define 

mL\M)b^^b) ■■= {e e L\M) : dC > OVnVd G M^D) C [M^{L\D))]*, 

II^^IU^(1R")®li(m) ^ C\\d\\2}, 

normed with ||^|| = sup\\a\\,<i,deM^{D)clM„iL^iD))Y \ \^^\\^nfR"}^LHMy similarly : 

L2^D)L\M)M-.= {^eL\M) : 30 O'^nW e Mn{D) C [M^{L\Dy)]\ 
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(recall that here the meaning of [Mn{LF‘{D)*)]* is the Banach space dual of Mn{L‘^{D)) with 
row norm.) and 

L2^D)L\M)L2^D)-.= {^eL\M) : 3C>0ynWud2eD^ c{L\D)r, 

||(di 4 d 2 ,i)LilU.r(IR")®Li(M) ^ <^1^111211^2112}, 

normed with ||e|| = IU.r(lR")®Li(M)’ 

Proposition 4. Let D G M finite von Neumann algebras. We have completely isometric 
module isomorphisms : 

the first with the canonical operator space structure when seen as 

m'L‘^{M')l2(^di), namely as noted, the opposite structure as defined before. Moreover, we 
have isometric isomorphisms : 

mL\M)l^d) - L\M) = {nMcfi, 

^ {L\M)y ®hM' {mD)L\M)Z) = {cMdX 

and we equip the left hand sides with the operator space structure of the right hand sides. 
Likewise, we have : 

L^{D)L^{M)l^{D) — {mL‘^{M)°Z(D)) ®ehM' l2(d)L‘^{M)Z = (D^n)ti- 

Moreover {ML‘^iM)°Z(D)) dense in = NCB{M,B{Lf{D))) for the topology of 

pointwise strong operator topology convergence and l2(^d)L‘^{M)Z is dense for the topology of 
pointwise *-strong operator topology convergence. 

Proof. From formula ([T]), we have 

{MMnfi = M' Bd{L\D), L\M)) = Bn{L\D), L\M)), 

{DMM\ = Bn{L\M),L\D)). 

Let us show that the maps ifi : l2i^d)L‘^{M)m —t Bd{L'^{D), L‘^{M)),fj2 ■ 
Bd{L‘^{M),L‘^{D)) dehned by 

V'i( 0 (h) = V’ 2 ( 0 (h) = Ed{pO^ 

are isometric module isomorphisms, the last one is well dehned since for ^ G p e 

Lf{M),pf^ G mL^{M)l 2 {d) and Ed : mL^{M)i 2 (^d) Lf{D) bounded. To check the module 
structure, take x G M',y G D' 

fji{x.f.y){p) = pxfy = py°ix° = fiii^EfiijgyZx^, 

fi2{yfi-x){p) = EDivx°fy°) = fi2if)ivx°)yfi 

The injectivity of fii is obvious, and the isometry also by duality, surjectivity can be proved in 
noting that Bd{L‘^{M),L‘^{D)),Bd{L‘^{D),L\M)) C Bd{L\M), L^Mf) = {Mfes) (the 
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later inclusion using composition with eo) and using the usual weakly-* dense subset of the 
basic construction. 

To see that V’l gives a complete isometry, let us make explicit the norm on the spaces in¬ 
volved : Mn{BD{L\D),L\M))) = Bd{{L\D)Y, {L\M)Y) and for [^p] G M'L\M')L2(n') 
we deduce the formula from the case ^ij = {xij)° G M° Then 

k k 


But the norm of is exactly given by 


WiAiXijM = sup 


veiLHD))- lijk 


'^T{{r]jXijyr]kXik) 


1/2 


= sup 

rjeiL^iD))^ 


'^T{T]kED{XikX*j)r]*) 
. ijk 

1/2 


1/2 


= \ \ED{J 2 ^ikX*j)\\ 
i 

proving the desired complete isometry. 

Similarly, (V' 2 ((a:p))((i/fc)), (^fc)) = E/fc = ^((^^4/)*?//) so that :'02(^)* = 

yyx*) and thus for X = {xij) we have 


For spaces, as before formula ([T]) gives 

{dMc\ ^ Bn{L\M), L\D)) ®ehM' L\M), {cMj,\ ~ (E(M))* ®,nM> Bo{L\D), E(M)). 


This gives the second isomorphisms since for Hilbert spaces, the extended-Haagerup and 
haagerup products coincide |M051 Rmk 2.18]. 

The hrst isomorphism is given by coming back to the dehnition of the predual (ijMc)!] = 
NCBd{M, L'^{D)), {cMd)\] = NCB{M, {LF‘{D))*)d.. Let us show that the isomorphisms is 
thus given by V'a : L^iD)L\M)M ^ NCB{M, L\Dy)n,y 2 : mL\M)l 2 (^d) ^ NCBn{M, L\D)), 
with the same formula for ijj 2 and for m G M, d G L‘^{D): 


Bimodularity and isometry are obvious. The inverse being given by evaluation on L‘^{D) at 
1 and via identihcation of L^{M) with the predual, this concludes the proof of the second 
isomorphisms. Finally the computation of {dMj:))\^ is similar, one of them is given by "04 : 
l2^d)L\M)l2^d) ^ NCBd{M,B{L\D)))d. 

yyy){m){d) = Eoirnd^). 








ANALYTIC FUNCTIONS RELATIVE TO A COVARIANCE MAP rj 


13 


For the last density result, write ^ = x ®m' U ^ ®ehM' in its 

canonical writing and look at ya = «(« + yy*)~^y = ya{a + y*y)~^ (written with opposite 
products and = x ®m' ya get the corresponding multiplication in xya G (m 
and, with all products in M°\ 

T{d'EDop{x{y-ya)dm))\‘^ < T{d'EDop{xx*)d'*)\\{y-ya)dm \\2 < \\d'\\l\\x\\^\\{y-ya)dm \\2 -^a^oo 
even uniformly in d', this concludes. The second case is similar. □ 

We will explain more on module extended Haagerup products of these spaces in subsection 

O 

1.4. Operator space direct sums and operator modules. To dehne analytic functions, 
we will need to take direct sums, but unfortunately, there is no reason for an operator 
space direct sum (see e.g. [POdl section 2.6]) to be an operator module (this is however 
true for a matrix normed module, i.e. a module for the projective opertor tensor product 
by commutation of projective tensor product and direct sums, cf [BLMl Rmk 3.1.9]). 
However, the (also written merely ©, and Cq) direct sums obviously remain operator 
modules, we will have by duality and universal property, two (agreeing) candidates to be 
operator modules direct sums. We summarize this in the next : 

Lemma 5. Let {Ei)i^j a family of D-D normal operator modules. Consider C 

{®i^iE\)'^, then the completion if, jj{Ei] i G /) G dNOMd, with complete isometric injection 
Ci : Ei ^ if jj{Ef,i G I) and complete quotient projection vTj : if j^{Ei]i ^ I) ^ Ei and the 
duality relations : 

Co{Ei-i G J)^ = if^D^Efi G /),4o(Epz G J)^ = 

Moreover, if Ei G dSOM^,, (resp. dNDOMd) then we have if j^{Ei]i G /) G dSOMd. 
(resp. dNDOMd), and if ^{Ei,i G I) (resp. in the normal operator dual case 

co{{Ei\-iel) = [if^oiEi] i G I)\). 

Finally, if ^{EpC G I) has the following universal property: if Z E dOMo and Ui : E^ ^ 

Z are D — D module completely contractive maps, there is a unique completely contractive 
D — D module map u : if j^^Ep, i E I) ^ Z, uci = Ui and 

CB]:)^]:){if j^{Ei, i E /), Z) ~ ©ig/C'i?o^o(F^i, Z). 

Thus if Ei C Ei completely contractively as submodule, then if j^^Ep i E I) C if jj{Epi G I), 
and ifC C D, there is a canonical contractive injection Lc^d ■ ic,ciEpi G /) —)■ if j){Ei]i E 
/), with dense image. For general E^, Ej normal operator modules, we also have the complete 
isometry: 

^D,D^Ei]i E I)®£)ij^ j~){Ej',j E J) — ijyj^{Ei®)£)Ej] (i,j) E I x J). 

Note that we will write Ei ©}) E 2 for if D^Ep i E I) when | J| = 2, and if r, = if- 
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Proof. The first statement is obvious since module duality gives module as duals, e*, tt^ comes 
from dualization of those for sums. Note that in order to have complete isometric, we 
use the normality of Ei to identify Ei C completely isometrically (cf. the characteriza¬ 

tion of the normal parts {Ei)n of an operator module |Mn51 Prop 5.7] which is Ei itself when 
it is normal). Since Co{Ei;i G /) ■^ (BieiEf' completely isometrically, one gets a complete 
isometric D — D module map i\)jj{E^]i G /) C {(Bi^iEfY co{Ei]i G I)f Since (b{^jE'^ 
is obviously dense in this last space, this concludes. The second duality result is a specihc 
case of the universal property, but we will use it in its proof. 

Likewise we have the canonical complete isometric bimodule map (BieiE^ 

j^{Ei]i G J)^ dualizing the dehning inclusion, and the surjectivity is obvious since com¬ 
posing G P\) j^{Ei,i G J)^ with gives a family € ®i^iE\ that has to agree with 
by density of hnite sums in ^ I)- 

Let us now check the stability of normal dual operator modules. By |M05| Th 3.7] and 
our previous duality result :co{{Ei)^^;i G J)^ = ^{Ei]i G /), thus the sum is a dual 
operator module, and it remains to check normality. Since a {Ei)^^ is a strong module and a 
Co or sum obviously remain strong, the predual computation then follows from |M051 Th 
2.17]. By |M051 Rmk 2.10], we are done since £\) j^{Ei]i G I) is always a normal module as 
complete isometric subspace of a normal dual module. 

For the stability of the property of being a strong module, it suffices to check the predual 
comoutation bv characterization of a strone module |M05l Th 2.17]. Thus take xb G (©<«£'!)( 
a normal completely bounded map. Obviously the inclusion e* : E\ {®i^iE\) is normal, 
thus xjjei G {E\)^ = Ei by characterization of a strong module. Thus by dehnition xp' = 
®iXpei G i\)ji){Ei,i G /), it remains to check this is indeed xp. But for x G ®i^iE^,®i^F7ii{x) 
weak-* converge to a:, and xp{®i^p7ii{x)) = xp{®i^pei7ii{x)) = xp'{®i^p7ii{x)) we indeed deduce 
by weak-* continuity xp = xp'. 

The only non obvious part of the universal property, is to build u from up This comes 
from the fact (©u^)^ agree with the hnite sum of Ui on hnite sums. The consequences of the 
universal property are obvious. To check Lq^d is injective, one uses that Trf* o Lc^d = 
(where the superscript emphasizes the type of modules the projection is referring to). This 
identity is obvious on hnite sums by dehnition and then goes to the completion. Thus 
if Lc^d{x) = 0 one has 7rf (x) = 0 for all i, thus it is obvious that a; is 0 in duality with 
®{'^jE\^ thus evaluated against its norm closure cq{E\^ G I) thus also against {®i^iE\^) = 
[£\;(^{Ei]i G I)]^^ = {cq{eY G I)Y^ = {cq{E\^ G I))c'*c'* , Indeed, by Golstine lemma, 
Co{E\^ .,1 G I) is weak-* dense in its bidual, thus also from the proof of |M05( Corol 3.6] 
in {co{E\^ .,1 G I))c'*c'* c {co{E\^ .,1 G I))** (recall we write * for operator space duality 
written ff there) and from the isomorphism in |M05l Corol 3.5] with the dual bimodule, this 


weak-* topology in {cq{E\^, i G I))c'*c'* is the pointwise convergence on 


m 


















ANALYTIC FUNCTIONS RELATIVE TO A COVARIANCE MAP rj 


15 


the weak-* topology of operators. Thus this density is indeed enough to get vanishing on 
X G G I). Thus a: is 0 in G /) C . 

For commutation with projective operator space tensor product, one uses [BLMl Prop 
3.5.9], □ 

I. 5. Shuffle maps. A shuffle map between tensor products is an extension to completion 
of a map on algebraic tensor product S : B ® Ci ® A ® C 2 —t Ci ® A ® B ® C 2 with 
S{h ® c® a ® d) = [c® a® h® d) or of the inverse of S. Two results are available in the 
literature, commutation of nuclear and extended Haagerup product and its dual between 
normal Haagerup and von Neumann tensor product |ER03l Th 6.1]. There is also the similar 
relation between minimal and Haagerup tensor product from |P03|. Th 5.15 ]. We will need 
variants of these results for other tensor products. Recall that the normal Fubini tensor 
product {B*®pA*) = CB{B,A*) from |ER00l Th 7.2.3]. The von Neumann (or normal 
spatial) tensor product B*®A* is the weak-* closed subspace generated by the algebraic 
tensor product. We start by a module variant. We gave background on modules in subsection 

II . 21 but we refer mostly for normal dual operator bimodules pNEOMp (or strong operator 
modules) to |M05j and |BLM1 section 3.8] but we use the terminology of Magajna. 

Proposition 6. Let D be a von Neumann algebra. For any operator space B and any normal 
dual operator D-bimodule A, Ci, C 2 , then 

{B*®fA) = CB{B,A) G dNDOMd, {B*®A) g dNDOMd 

for the multiplications induced pointwise by A and the shuffle map extends to weak-* contin¬ 
uous completely contractive maps (the second extension being unigue) : 

Spah = : Cl ®ahD {B®pA) ®ahD C 2 ^ B®p[Ci ®ahD A ®ahD C 2 ], 

Cl ®tjhD {B®A) ®crhD C 2 —)■ B®[Ci ®ahD ^ ®ahD ^ 2 ]- 
The first shuffle map makes commutative diagrams with the canonical maps coming from 
functoriality of tensor products from weak- * continuous completely bounded bimodule maps 
between normal bimodules j : Ci —)■ Cs, fc : (72 —t C 4 , / : A —)■ y 42 . More precisely, we have 
[Id ® {j ®l® k)] o o [j ® (Id ®l)®k]. 

Proof. Let us start by building the first shuffle map in the case without module structure 
(namely D = C) we build a canonical contractive map / G CB(D ®^h CB(B,A) ®^h 
D, CB(B, D ®crh A ®ah D)). But iib e B, b® . : CB(A^, B®A^) thus defines a dual weak-* 
continuous map (b ® .)* : CB(B, A) —)■ A which is merely the evaluation map. It is easy to 
see that b (b ® .)* e CB(B, NCB(CB(B, A), A)). From |ER03[ (5.22)] one gets a map 

Id®{b® .)* ®Ide NCB(D ®^h CB{B, A) ®^h D, D ®„h A ®ah D))), 

and one thus defines I(x)(h) = (Id® (b® .)* ® Id)(x). To check it is completely contractive 
in b, one uses that for b G Mn(B), then b ® . E CB(Mn(A), Mn(B)®Mn(A)), (b ® .)* G 
NCB(CB(Mn(B),Mn(A)),Mn(A)) -E NCB(CB(B, A), M^(A)) and (Id®(b®.y®Id)(x) G 
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D Mn{A) ®„h D Mn{D A ®^h -D)) by a very special case of the shuffle map from 
[ER03i Th 6.1]. This concludes the case with D = C. The commutativity with functorial 
maps is obvious from the dehnitions. 

Since A G dNDOMd, thus A is an operator module so that we have a map D®hA®hD —)■ 
A and from the representation, it is separately weak-* continuous, thus from [ER031 Prop 
5.9] it extends to a weak-* continuous completely contractive map D A D ^ A. 

From the result without module structure, one gets a weak-* continuous completely con¬ 
tractive map D {B*®fA) D —)■ A D) —)■ {B*®fA) and from 

[ER031 Th 6.1] we have the von Neumann tensor product analogue D ®„h {B*®A) ®„h D —)■ 
B*®{D ®crh A ®„h D) —)■ {B*®A). Thus using also Effros-Ruan’s CES Theorem for dual 
modules [BLMl Th 3.8.3] and from the characterization of weak-* continuity |ER03| (5.22)] 
one gets {B*®fA), {B*®A) G dNDOMd- 

For the shuffle map in the module case, it sufflces to treat the case 6*2 = C by symmetry 
and associativity of the normal Haagerup product (see lemma [3] bellow). Now composing 
the weak-* continuous map we obtained to the weak-* continuous completely quotient map 
from [MO 51 Th 4.2], one gets : 

Cl ®crh {B®fA) —)■ B®f[Ci ®crh A] —)■ B®f[Ci ®crhD A], 

and from the same theorem, it sufflces to see it induces a map to the quotient. Since the kernel 
is weak-* closed, it sufflces to show that it contains for any c G Ci, d E D,T G CB{B, A) x = 
cd®T — c®dT but for b E B, the image of x is {id®{b®l)*){x) = cd®T{b) — c®dT{b) which 
is 0 when mapped by the quotient map of the normal Haagerup product. This concludes. 
An easy diagram chasing with the dehnition of quotients proves the commutativity with 
functorial maps in the module case from the non-module case. The von Neumann tensor 
product case is similar starting from the non-module case from |ER03[ Th 6.1]. □ 

As for C direct sums, projective tensor products are not well behaved with respect to 
operator modules, but this suggests a dehnition of a module projective product. 

Corollary 7. Let D he a von Neumann algebra. For any operator space B and any strong 
operator D-bimodule A, B® A := (B* ®f A^)^ is a strong operator D-bimodule with a 

canonical completely contractive map B®A -E B® A. It satisfies the following universal 
property, it is the unigue strong operator bimodule such that for any other strong operator 
bimodule X: 

CBd{B®'"~''a,X)d = CB{B,CBd{A,X)d). 

As a conseguence, for Bi, B 2 operator spaces, we have : 

„ ^D—D,„ ^D—D ., s^D—D . 

Bi® {B 2 ® A) ~ {Bi®B2)® a. 
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Moreover, the shuffle map extends for Ci,C 2 strong operator D-bimodule to a completely 
contractive D bimodule map : 

Speh = • B® [Cl ®ehD A ®ehD C2] —)■ Ci ®ehD [B® A] ®ehD C2, 

whose dual module map is the extension of the previous proposition 0 

C*! ®ahD' {B*®FAf) ®ahD' C'l B*®f[C\ ®ahD' A^ ®ahD' C^. 

Moreover the shuffle map makes commutative diagrams with the canonical maps coming 
from functoriality of tensor products from completely bounded bimodule maps between strong 
bimodules j : Ci —)■ C^,k : C 2 —)■ 0^,1 : A —)■ A 2 . More precisely, we have [j ®ehD {Id ® 

1) ®ehD k] O (g, I 

Proof. The strong module statement is obvious from the characterization of strong modules 
[M05j from [MOSl Prop 3.11, Th 3.7] if X is a strong operator H-module 

CBd{{B* ®f A\, X)b ~ NCBd'{X\ B* ®f 7l%. C CB{B, CBd'{X\ A^)d>) 

and since both spaces we take modular CB maps on the right hand side are strong, this 
isomorphism is even completely isometric from |M05l Prop 3.12]. Moreover, it is easy to see 
that NCBd'{X^,B* ®f A^)d' = CB{B,NCBd'{X'^, A^)d') ^ CB{B,CBd{A,X)d) maps 
that are pointwise valued in normal CB maps. But CB{B,CBf{A,X)f)) C CB{B®A,X). 
Thus taking X = {B* ®f Al^)\i one gets from the identity map the expected canonical map 
B®A —)■ {B* ®F which is A — A modular for the obvious module structure. We have 
also checked the universal property. Associativity follows straightforwardly. 

For the shuffle map, we already recalled the two spaces for which we want an extension 
are strong, thus from [MOSl Prop 3.11, 3.12] again, the unique module predual map S of the 
previous shuffle map exists and have same CB norm thus is also contractive and it suffices 
to check it extends the shuffle map of the algebraic product. Indeed, for ci G Ci, C 2 G C 2 , & G 
B,aEA,Me CB{B, A^), L E C^ N E C^ : 

{S{b®ci®a® C 2 ), L ® M ® N) = ((ci ®a® C 2 ), S*{L ® M ® X)[6]) 

= ((ci ®a® C 2 ), {L ® M{h) ® N)) 

= ((ci ® {h ® a) ® C 2 ),{L ® M ® N)) 

and by weak-* density of the elements of the form L ® M ® N one concludes to S{h ® ci ® 
a ® C 2 ) = Cl ® {h ® a) ® 02 - The functoriality follows from the dual one in the previous 
proposition. □ 

We conclude by a technical shuffle lemma we did not find in the literature : 

Lemma 8. For any operator spaces A, B,Ci,C 2 , the shuffle map extends to a completely 
contractive maps in the following situations (the last two maps are unigue extensions) : 

B®[Ci ®eh A ®f,h C2\ -E- Cl ®eh {A®B) ®eh C' 2 , 
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B®[Ci ®h A 0k C's] ^ Cl 0k (A 0 B) 0 k C 2 , 

[Cl 0k A 0k C 2 ] —>■ Cl 0k (^<8) nuc B) 0k C 2 , 

Cl 0ek CB{B, A) 0ek C 2 CB{B, Cl 0ek A 0ek C' 2 ), 

Cl 0k CB[B, A) 0k C 2 —>■ CB[B, Cl 0k A 0k C*2). 

Moreover, if Ci (resp. C 2 ) is a D-E (resp. E-D) normal dual operator module over von 
Neumann algebra D, E and assume A is now a normal dual operator E bimodule, there is 
a completely contractive D bimodular map extending the shuffle map, weak- * continuous on 
the normal Haagerup tensor product argument : 

^p'fh • [^1 A 0akE C 2 ] —)■ Cl 0akE {CB{B, Af))^ 0uhE C' 2 , 

where CB{B, Af) is given the structure of strong Haageruop E’ module induced by the canoni¬ 
cal map E'0ekCB{B, Afj0ekE' —>■ CB{B, E'0ekAi^0ekE') —?• CB{B, Af). Einally, when E = 
D, ifk = k^ji : [B0^ ^A\ —)■ {CB{B, Af)Y is the canonical map, J : [Ci 0 ekEA 0 f,kEC 2 \ —)■ 
[Ci0akE A 0 „kEC 2 \ ,I Ci0ekE{CB[B, Af)Y 0 f,kEC 2 ^ Ci0akE{CB[B, Af))^ 0 „kEC 2 the 

contractive inclusions and Spek ■ B 0 [Ci 0ehD A 0ekD C 2 ] —)■ Ci 0ehD [B 0 A] 0ekD C 2 
the shuffle map of proposition^ then we have the commutative diagram : Io{l0k0l)oSpeh = 

J], 

Proof. The first five maps are easy. To get the hrst, it suffices to take the predual map of 
the hrst map built in proposition [6] in the case D = C and reason as in corollary [71 

The second map follows from the hrst since the second range is included in the hrst and 
working on elementary tensors enables to restrict to this new range. The third map is 
induced from the one 

S' : B 0 nuc[Cl 0eh A 0ek C2] —>■ Cl 0ek {A 0 nucB) 0eh C 2 

from |ER03l Th 6.1] on extended Haagerup products using that Ci 0h (A 0 B) 0k C 2 C 
Cl 0ek {A 0 B) 0eh C 2 completely isometrically and [Ci 0k A 0k C 2 ] C [Ci 0eh A 0ek C 2 ] 
so that the canonical map [Ci 0k A 0 k C 2 \ 0 B —)■ [Ci 0ek A 0ek C 2 \ 0 B induces a map 
by quotient Q : [Ci 0h A 0 k C 2 \ 0 nucB —)■ [Ci 0eh A 0eh C 2 ] 0 nucB, (using functoriality of 
the injective tensor product) so that S' o Q has actually a range on the closed subspace 
Cl 0 k {A 0 nucB) 0 k C 2 as seen on elementary tensors and is thus our third map. 

The fourth and hfth maps are obtained as follows in seeing 

CB{Ci 0 (e)hCB{B, A) 0^e)k C 2 , CB{B, Ci 0^e)h A 0(e)h C 2 )) 

= CB{B, CB{Ci 0^e)k CB{B, A) 0(,)k C 2 , Ci 0(e)h 0ie)h C 2 )) 

and in taking in the right hand side the map corresponding to 6 1 —)■ 1 0 en(6) 0 1 and using 
the functoriality from |ER031 (5.11)] (and the well-known one in the Haaggerup case) and 
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complete boundeness of ev in b using also usual completely contractive maps 
C 2 —)■ MniCi A C 2 ) from |P031 Thm 5.15] and : 


Cl ®eh MniA) ®eh C2 C [Q ®h (Tn^A*) C^]* 

(T„0[C'* Oh c;])* 

= Mn{Cr ®eh dl” ®eh C*^*) D M„(C'i ®eh A Oeh C2) 

the first inclusion using injectivity of extended Haagerup product and its relation to Haagerup 
product, the second map in the middle being dual to the second shuffle map built above and 
the final map arriving in the smaller target subset without biduals (cf detail later in this 
proof for the normal Haagerup case.) 

The canonical map to get the strong module structure is obtained in using the fourth map 
just built above. This concludes to the strong operator module structure on CB(B, A^j), 
using Afj is strong from [M051 Th 2.17]. 

To build the B bimodular map extension of the shuffle map, one can use the universal 
property proved in proposition [71 Indeed the target space is a strong H-bimodule as any dual 
operator module since the module map extends to normal Haagerup thus to the included 
extended Haagerup product from which we deduce the defining stability for strong modules. 
Thus, it suffices to build a map : 

S = S^;^E CB(B, NCBndCi 71 * ®.hE C'2], Ci ®^he {CB{B, ®^he €2)0) 
corresponding to the shuffle map. 

But for any b E B, we already noted that ev(b) E CBe>{CB{B, A\d, A\^)e' with ev E 
CB{B,CB{CB{B, A)\^, A\d ~ CB{CB{B, A\d,CB{B, A^) corresponds to identity. Thus 
since A\^, CB{B, A)\^ are strong modules, by |M051 Prop 3.12,Th 3.7] the map induces a map 
{ev{b)Y E NCBe{A, {CB{B, A^d)''^)E with same cb norm, so that 

S{b) = Id® {{ev{b))^ ® Id E NCBe{[Ci ®a-hE A ®ahE C2], Ci ®a-hE iCB(B, ®cjhE C2 )d- 

The H-modularity is obvious, so is normality, and we check the map is indeed completely 
bounded. Indeed for b E Mn{B), 

{ev{b)f E NCBe{A, {CB{M4B), A^f)E ^ NCBe{A, Mn[{CB{B, A))^)])e 

the last map being obtained by dualising the canonical map (obtained using evaluation 
maps and commutativity of projective product. We also use |P031 Th 2.5.1] to recall 
M^{A) c ~ CB{A*,Mn{C)) = CB{A*,CB{Tn,C)) = CB{Tn,A**) D CB{T^,A) 

all inclusions being completely isometric so that CB{Tn, A) = Mn{A) with T„ = M„(C)*) 
and for K a proper left Hilbert E' module (the third map comes from the induced modular 
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quotient of the fifth map above) : 

Tn®{K* ®hE' CB{B, ®hE' K) —t Tn®{K* ®hE' CB{Mn{B), M„(y4[,)) ®hE' K) 

= Tn®iK* ®hE' CBiTn, CB{Mn{B), yf^)) ®hE' K) 

^ Tn®CB{Tn, [{K* ®hE' CB{Mn{B),A^)) ®hE' K]) 

—t K* ®hE’ CB(Mn{B), A\^) ®hE’ K. 

Thus it suffices to note there is a completely contractive map 

Cl ®ahE MniiCB{B, A^)^) ®ahE ^2 “t M„(Ci ®ahE {CB{B, A^)^ ®ahE C 2 ) 

which is again a special case of (the module variant from proposition [ 6 ] of ) |ERn3( Th 6.1] 
to deduce the expected complete boundedness for S. 

It is also easy to see that S restricts to the expected shuffle map on elementary tensors. 
For the functoriality statement, since the maps are build by the universal property of the 
tensor product, it suffices to prove the relation for 6 G i? fixed. Let also S' = Sp^h for short. 
Of course, one can dehne 

T{h) = Id® {{ev{b))^ ® Id ^ CBp^Ci ®ehE A ®ehE C 2 ], Ci ®ehE {CB{B, A;,))*’ ®ehE C2 )di 
and S{b)J = IT{b) is easy from the dehnitions. 

Then recall [B®^ ^A] = [CB(B,A^)]\^ and that k = k\ o k 2 with ^2 : [CB(B,A^)]\^ —>■ 
[CB(B,A^)]^ the injection and k\ : [CB(B, A^)]^ —)■ [CB(B,Ah)]^ the dual of the complete 
isometry ki : CB{B,A^) CB{B,A^). 

We have to check {1 ® k ® 1) o S' {b) = T{b) and since the source and target space are 
strong modules, from |M051 Prop 3.11] there is a unique predual map so that it suffices to 
check 

T{b)^ = S'ibf o (1 ® ® 1) e NCB{C\ ®,hE' {CB{B, A^)f ®^hE' [Oi ®ehE ^ ®ehE Os]^). 

Both map are weak-* continuous thus it suffices to check they agree on the weak-* dense 
set cl ®hE' {CB{B, A^) ®hE' C^ (from |Mn51 Th 4.2, Corol 3.6]and |ER,n31 lemma 5.8]) 
where T(b)^ = 1 ® ev(b) ® 1. But on this subspace (1 0 0 1) = ki and by definition 

5'(6)^ = 1 0 ev(b) ® Ion cl ®„nE' {CB{B,A^)) ®„ue' C^ one indeed obtain the expected 
equality S'(b)^ki = T(b)^. 

Of course one can deal with the case E 7 ^ H if we change the previous corollary to deal 
with this case. □ 

1.6. Extended Haagerup products with matricially normed spaces. We will need 
to leave sometimes the class of operator spaces to consider more general matricially normed 
space in the sense |BP91] . i.e. satisfying axioms (i),(ii) p 264. For X such a matricially 
normed space, we call column dual X' = (X()°p = {Bi{X, C))°^ the opposite of the left dual 
of their example 2.7, alternatively described in proposition 2.9 using example 2.8. We recall 
that a matrix cross normed space in the sense of |MP951 p 1764] is a matricially normed 
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space such that the norm on M„(X) is a cross normed in Banach space sense (also called 
reasonnable tensor norm, namely a norm between projective and injective tensor norm). 

To stick to matricially normed spaces in the sense above, we will use a variant of Bi{X, Y) 
as in |BP91( ex 2.8], agreeing in the case Y = We won’t use the variant n;(X, F) they 
suggested, but rather put a alternative matricially normed structure on completely bounded 
maps. 

Example 9. Let X,Y be matricially normed spaces. We write CBi{X,Y) the set of com¬ 
pletely bounded maps with matricially normed space structure defined (as for Hi) by the isom¬ 
etry Mn{CBi{X,Y)) ~ CBiCn ®h X,Cn ®h y) with <h = (0^) e Mn{CBi{X,Y)) mapped 
to <h((a;i,..., = {ffifijifiifixi)., ■ Similarly the space of completely bounded 

maps is given the matricially normed space structure CBfiX^Y) = {CBi{X°^,Y°^))°^ . Ob¬ 
viously CBr{X ,.), CBfiX ,.) are (covariant) functors. 

We will even have to use an extended Haagerup tensor product with one argument being 
a matricially normed space and not an operator space. This will be used mostly to handle 
inhnite matrix spaces over matricially normed spaces and corresponding operations. For this 
we use Pisier’s factorization by an Hilbert space as a dehnition. 

If Xi, ...,Xn are operator spaces and H is a matricially normed space, we dehne 

Xi®eh...®ehXn®ehY := Yfi{X(®h...®hXf,Y), Y®ehXi®eh...®ehXn := Wc;{X(®h...®hX*,Y). 

where Pi^(X, F) (resp. Tc{X,Y) = Tji{X°P,Y°pyp) is as in |P961 p 39-40] is the matricially 
normed space of maps factorizing through a row Hilbert space (resp. a column Hilbert 
space) with matrix normed structure as in [ER91j where this space is studied in more detail. 
The index a indicates we take maps weak-* continuous in each arguments, namely with the 
notation of |ER03j for normal maps 

P^(X* 0 , ... 0 , x:, F) := P^(X* 0 , ... 0 , x:, F) n CB)^{X( x ... x X^, F**). 

Note that when F is an operator space we can gather results from the literature to get 
the expected consistency statement : 

Lemma 10. If Xi, ...,Xn,Y are operator spaces the usual extended Haagerup product satis¬ 
fies 

Xi®eh...®ehXn®ehY = r^(X*0;,...0ftX;;, F), Y®ehXi®eh-®ehXn = P^(X*0ft...0ftX;;, F). 

Moreover, ifY is only a matricially normed space, the new extended Haagerup result has the 
following associativity maps which are completely contractive : 

Xi ®eh--®ehXn®ehY ~ (Xi ■■■ ®eh Xn) ®ehY, X^ ®eh (Y ®ehX 2 ) ~ (Xi 0eh F) 0eh^2, 

Xl ®eh X 2 ®eh F —)■ Xi 0e/i (X 2 ®eh Y). 

The last map is even a complete isometry when X 2 = He. We also have for any Hilbert space 
H and Y matricially normed spaces , a complete isometry Y ®eh Hr — CBfiHfiY). 
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Finally, if Mi^n^X) is 2-column summing for all n, we have a eompletely isometric map : 

Xi ■■■ ®h Xn ®h Y ^ Xi ®eh ■■■ ®eh Xn ®eh Y. 

Proof. From |ER03] we have in the operator space case 

Xl ®eh - ®eh Xn ®eh Y = (X* ®h - ®h Xf ®h Y*)l C (X* 0;, ... 0;, Xf ®h Y*)* 

Moreover, from |ER91[ (5.8)] 

(X* 0 ^... 0 ^ x: 0 ;, y*)* = r«(x* 0 ;,... 0 ^ x:, x”) ~ Tr{x*, ..., r«(x:, x”)...). 

Thus adding the normality conditions and using the notation of |ER03] . one gets 

Xi0e„...0ehX,,0e„X = rR(X*0;,...0;,X:,X”)nC'R^(X*X...XX:,X”)nC'R((X*0;,...0;,X:),X) 

But from |ER911 Prop 5.2] and its proof, one gets a complete isometry (since the intersection 
norm is the factorization norm): 

r^(x* 0 ,... 0 , x:,X**) n ^^((x* 0 ,... 0 , x;),x) ~ r«(x* 0 ;,... 0 ;,x:,x). 

We thus got the expected formula and the column case is similar. 

Let now X be any matricially normed space. For simplicity we only consider the case 
n = 2 . By jER031 (5.22)], we have an obvious completely contractive restriction map to 
X* 0;, X* C (Xi X 2 )* : 

(Xi 0 e, X 2 ) ®eh Y = TrUX, 0 e, X 2 )*, X) H CB^{{X, 0 ^, X 2 )*, X”) 

= Ffi((Xi ®eh X 2 )*, X) n CBfniX* X X*, X”) ^ Xi ®eh X 2 ®eh Y. 

To show it is a completely isometric isomorphism, it suffices to show any map in the 
target has an extension with the same norm in the source (injectivity follows from |ER031 
lemma 5.8]. But take a map u G Fj:j(X]" 0 /j X^, X) fl CBf^{Xl x X 2 , X**) with factorization 
u = AB,A G CB{Hr,Y), B G CB{Xl ®h X^, Hr). Up to getting smaller norms we can 
replace if by a space anti-isomorphic to K* = y4*(X*) C H* which is a closed subspace and 
composing B with the projection, but in this case, for k = A*{y*) G K*k o B = y* o u is 
normal in each argument thus so is R G CB!^{Xl x X 2 , Kr) and by |ER03( (5.22)] again B 
extends to B E UR'^((Xi ®eh X2)*, Kr) and thus u = AB is the desired factorization for the 
unique extension (which thus exists with this factorization). We can reason similarly at the 
matrix level to see complete isometry. 

The second associativity isomorphism easily comes from (the proof of) commutativity 
of projective tensor product. Indeed, if U G Xi ®eh (Y ®eh X 2 ), one has a factorzation 
U = AB, B G CB{Xl, Hr), A G CB{Hr,Tc{X 2 ,Y)). For any e* G Hr,i G / in an or¬ 
thonormal basis, one writes A{ei) = CiDi, Di G CB{X 2 ,{Ki)c),Ci G CB{{Ki)c,Y). Then 
dehne, K = ©jg/Xy D(f^Xiei){y) = ®i^i\iDi{y) so that D G B{Hr,CB{X 2 ,Kc)) and if 
C{®iXi) if assumed before that ^^(X^) is dense in Xj... 

For M G Xi 0eh X 2 ®eh Y one takes a decomposition u = AB as before and we now see 
B G CBl^{Xl X X* 2 ,Kr) C F^(X* x X*, X,) ~ F«(X*, F^(X 2 *, X,)) by [ER9T1 (5.8)] Thus 
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take B = CD,D G Hr),C G TKr)), it is easy to see that taking H 

as the closure of D{Xl), one can get C(^) G Vr^X^, Kr) normal and thus also, from the 
choice of K above, [[A o .] o C](^) ■= A o (C(^)) g X 2 ®eh Y and ||[[A o .] o C]{^)\\x 2 < 2 >,hY < 
ll-4Li||(C«))||,,< ||A||,,||C||^,,H„^,(x;,/f,))ll^ll,i.e. [[A o .] o C] € CB(H,,X 2 S)ei, Y) and 
from a matrix variant one estimates the completely bounded norm by \\A\\cb\\C\U- We have 
thus written u = [[A o .] o C]D G r/^(Xj^,X 2 ®eh Y) with the right norm estimate. It only 
remains to check normality, i.e. u G CB'^{Xl, {X 2 ®eh But take a net a;„ —?• a: in 

X* weak-*. Arguing as in the previous paragraph, maybe replacing H, one can assume D 
weak-* continuous and thus D{xn) —t D{x) weak-* in H and let 0 G (X 2 <8)eh Y)*. Since 
(j){u{xn)) bounded, it suffices to get (j){u{x)) as unique cluster point, thus take a subnet 
with (j){u{xn)) converging to y, {D{xn), 4>{u{xn))) converging to {D{x), y) in an Hilbert (thus 
reflexive) space, and by Hahn Banach there is a convex combination of points in this net 
converging normwise to {D{x),y). Taking a corresponding convex combination Zn of Xn, we 
have another net with {D{zn),((>{u{zn))) {D{x),y). But now u{zn) converges normwise to 

'u(a;)thus (j){u{zn)) —>■ 4>{u{z)) = y. Now, conversely, if X 2 = He, U G r^(X^, r^(X 2 , H)), U 
factorizes as AB, A G CB{Kr,CB{H*,Y)), B G CB{X^, Kr) completely isometrically. But 
we have CB{Kr,CB{H*,Y)) ~ CB{Kj.®H*,Y) ~ CB{Kr<^hH*,Y), (the second complete 
isometry coming from a well known identity e.g. |ER001 Prop 9.3.2], the hrst identity being 
similar to the case Y operator space). Thus A{B ® I) is a row Hilbert space factorization of 
<h(t/) seen in CB^{Xl x X^jY) (which is multiplicative as a consequence). This gives 

\\^iU)\\xi^,h(X2<S)ehY) < \ \U\\xi^,hX2^ehY: 

using the separate normality is equivalent to the weak-* to weak continuity coming from 
Xi ®eh X 2 by |ER031 Prop 5.9] (which does not use the target operator space and is mostly 
a Banach space result). The complete isometry is obvious since it boils down to replacing Y 
by Mn{Y). 

We can now prove the hnal statement relating Haagerup and extended Haagerup prod¬ 
ucts. First from associativity of Haagerup and extended Haagerup products,injectivity of 
the Haagerup product in this setting [BP91j and since it is known in the operator space case 
Xi <Y)h ■■■ Xn —)■ Xi ®eh ■■■ ®eh is a Complete isometry |ER03j . we can be content with 
the case n = 1. This is then a consequence of the reamrk after |BP911 Th 3.11] since the 
factorization norm is the norm taken in X" Y , which is, since Xi is an operator space 
and we are in position to apply the matricial case of injectivity of Haagerup tensor product, 
the same as the norm in Xi Y. 

Let us now prove the identity with Hr- It boils down to the study of the matrix norm given 
in jERM] to Tc{H*,Y) since the isometry is obvious by dehnition. Thus take 0 G (0p) G 
Mn(Tc{H*,Y)) and write it as = Tj o aj as in this paper with a : He ^ Mi^n{Ke),T : 
Ke —)■ i(y) for Ke a column Hilbert space. Then one induces a (8) 1 : He ®h Cn 

Ke ®h Rn ®h Cn and composing with the trace on trace class Tr : ®h Cn —t C for 

U iyj)j=l...n ^ He ®h Cn Afjj i(Lfc) 
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ct' : u I— )■ (1 0 Tr) o (cr 0 l)[w] = (Jj^Vj) which has CB norm less than ||ct||. Thus the 
map V I—)■ is roa' and thus \ \(f)\\Mn(CBi(H*,Y)) — Ikl “ 11*^11 taking the infemum, 

Conversely, we consider the following decomposition with Kc = i(hfc) = Cn 0/x He-, 
a(x) = a; 0 Idn = (ei 0 x,e„ 0 x)) G Mi^n{Kc) so that of course | |cr| |cfe = 1. Then we take 
r(0) : Mn,i{Hc) -)■ Mn,i{Y) the map with T{(t)){Y.j^j ®'^j) = Thus indeed 

T{(l))i o aj(v) = T{(j))i{ej o v) = (pijiv) as expected and we thus deduce the reverse inequality 

■\\4>\\rciH*,Y) < \ \4>\\M^iCBiiH*,Y))- T1 

We take inspiration of inhnite matrix representations of [?] and of the operator module 
case in |M97] . We even push further the idea to avoid the use of operator space duality as 
in the hrst context and of concrete Hilbert space representations as in the second. 

For Z a matricially normed space, we write 

Mj^j{Z) = {^{1)), ®eh {Z ®eh {^\jr)r) ^ ((^'(/))c ®eh Z) ®eh 

for sets J, J. Note that from lemma ITOl one deduces Mk,l{Mij{Z)) ~ Mjy^KjxL {Z). 

For B G Mk,i{C) = B{!), £‘^{K)) = CB{i‘^{I)c,£‘^{K)c) we have actions Mk,i{C) x 
Mj^j{Z) —>■ Mk,j{Z), Mi^j{Z) X Mj^k{Z) Mi^k{Z). For instance the hrst one BU G 
Mkj{Z) ~ CB({£‘^{K)*)r.,Mij{Z)) is the composition U o B* with the same viewpoint for 
UeCB{{e{I)*)r,M,^j{Z)). ’ 

We will need this in the next preparatory subsection. 

1.7. Left module duals aud Haagerup teusor product. As a technical tool for our 
next result, we have now to use a left module duality. We start by some reminders. 

For X a matricially normed spaces with A-B h-bimodule (i.e. with a map AZihX ®hB 
A, with A, B von Neumann algebras, really soon assumed hnite) we will write CBi{X, B)b C. 
CBi{X, B) completely isometrically the subspace of right B modular maps i.e. with 0(.6) = 
(j){.)b,b G B. It has a B-A bimodule structure given by {b(j)a){x) = b(j){ax). More generally 
we have 

Lemma 11. Let X a matrix cross normed space as well as all Mn{X) and Y, Z matricially 
normed spaces we have canonical complete contractions : 

■■ X ®h CBi{Y, Z) ^ CBi{Y, X(ZhZ), : CBi{Y, Z) ^f,Y ^ Z, 

: CBi{X Y, Z) ^ CBi{X, CBiiY, Z)). 

The last map is even a complete isometry when A, Y operator spaces. 

Let A, B, C C* algebras. As a consequence, forX an A-B h-bimodule, Y a C-B h-bimodule, 
CBi{X, Y)b is a C — A h-bimodule, i.e. the module structure {c(j)a){x) = c(j){ax), c E C,a & A 
extends to map 

C (Zh CBi{X, Y)b ®hA^ CBi{X, Y)b. 
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If moreover X, Y are dual Banach spaces and A®hX ^ X^C Y are pointwise (in 

A,C) weak-* continuous (in X,Y), the space of weak-* continuous map NCBi{X,Y)b is 
also a C-A h-bimodule. 

Proof. The first map is induced from Syzi^i 4>) '■ b ^ x ® (j){b) and for a decomposition U = 
Y^kAkQBk, Ak e Mn,nkiX),Bk e Mn^^n{CBi{Y,Z)) = one wants to 

show SyziU) e CB{Mn,i{Y),Mn,i{X Z)h Z)) thus take y = {y{ij),i)j<n,i,i<K e 
so that Bk{y) e 

\\SY,ziU){y)\\MK{Mr,{X^hZ)) = \\J2i^k®IdK)Q{Bk{y))\\ 

k 

< X] Mfc ® IdK\\MK{Mn,r,pX))\\Bk{y)\\MK{M„^,i{Z)) 

k 

< \ \^k\\M„,n^{X)\\Bk\\cB{M„,iiY),Mu^„i{Z))\\y\\MK{M„,i{Y)) 
k 

using \ \Ak ® IdK\\MK{Mn,r.^ix)) = Il^fcl| m„,„jv) since X is a matrix cross normed space, and 
thus establishing the stated complete contraction. 

Similarly for U = Zk^kQBk, e Mn,n,{CBi{Y, Z)) = CB{Mn„i{Y), Mn,i{Z)), Bk e 
Mnf.^niX) we have the estimate giving the second complete contraction : 

\\^'^Y,z{bd)\\M„{Z) < '^\\Ak{Bk)\\Mr,{Z) < ll^fc||cB(M„^,i(y),M„,i(Z))||-Sfc||M„^,„(V) 
k 

For 0 G CB{X iZh Y, Z) we have 

ll^f,v(0)l|cR(V,CBi(V^)) = sup sup \\Ax,Y{4>){Xkl)\\MKL{CBi{Y,Z))=CB{MLXY),MKi{Z)) 
= sup sup sup 11E Z^x,Y{4>){xki ® ddjj){y{^ji)i)\\Mr,{MKi{z)) 

KLn ||(3;fc()||jvf^^(x)<l ll(!/(ji)dllM„(M^_i(y))<l ; 

= sup sup sup \\(J^{^{xki(Z Idjj) (Zy(ji)i)\\Mr,{MK,i{z)) 

KLn ||(3;fci)||xf^^(x)<l ll(2/(ji)dllM„(M^_j(y))<l ij 

<sup sup \\(l){Uki)\\MKr.{Z) = \\(l>\\cB{X®nY,Z) 

since \\{xki Z) ddjj)(^kj),{ij)\\ = ||(a^fcz)|| so that one gets the stated contraction and we have 
equality in the operator space case, using |BP9H lemma 3.2] For the complete statement, 
one uses : 


Mn{CBi{X ®h E, Z)) ~ CB{Cn ®h X ®h E, Cn ®h Z) 

CB{Cn ®h X, CBi{Y, Cn ®h Z)) ~ CB{Cn ®h X, ®h CBi{Y, Z)) ~ CBi{Y, Z))). 
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One can now compose respectively the following contractions and complete contractions : 
.(^hldz : CB{CBi{X,Y),CBi{Z^hX,Y))) ^ CB{CBi{X,Y)Z>hZ,CBi{ZZ>hX,Y))Z>hZ), 

^CBi{Zis>hX,Y))'S>hZ,xi^'’^zisihX,y'^ ■ ^ddi{Z iZh X,Y)) iZh Z ^ CBi{X, Y) 
for the previously built ^ CB{CBi{Z®hX^Y)®h{Z®hX)^Y) to dehne'hf-y(M)[a;] = 

®h Idz){,x)] so that we get a contraction 

■^^xx ■■ CB{CBi{X, F), CBi{Z ®h X, F))) ^ CB{CBi{X, Y) ®h Z, CBi{X, Y)) 

Starting with the adjoint of a multiplication map m : A<Z)hX -X X one gets by functoriality 
of duality a map m* : CBi{X, Y) -x CBi{A<Z)hX, F). Applying the above map gives exactly 
the multiplication map we want: y(m*) G CB{CBi{X, Y) Zih A, CBi{X, F)) 

Moreover, for the B—A h-bimodule structure, B<Z)hCBi{X, B)b ^ CBi{X, B)b is induced 
from the composition of the canonical map and the multiplication map for h-modules B Z)h 
CBi{X, F) ^ CBi{X, B®hY)^ CBi{X, F). 

The weak-* continuous case is obvious since then we have a map C <Z)h NCBi{X, Y)b ®h 
A -X CBi{X, Y)b, and since c®h(t>®hb Xf [x X- c(f){ax)) has range in NCBi{X, Y)b, so is 
the norm convergent extension. 

□ 

Thus for X a matricially normed spaces with A-B h-bimodule CBi{X, B)b = Y is B-A h- 
bimodule and thus CBi{A, Y)a is matricially normed spaces with B-A h-bimodule structure. 
We dehne the module dual as 

Xf ■.= CBi{A,CBi{X,B)b)a. 

Note that if say A,X are operator spaces CBi{A,CBi{X, B)) = CBi{A®hX,B). Thus 
using the multiplication map \A Z)h X x X and its right inverse 1 Z) X x A Z)h X 
one gets maps CBi{X,B) x CBi{A <Z)h X, B) x CBi{X,B) which restricts to a complete 
isomorphism :CBi{X, B)b — X^. If moreover X has a strong A-module structure, namely 
an extension of the multiplication map AZ)ehX X X this is a completely isometric subspace 
Xi cCBi{A(ZehX,B)B. If A, B are von Neumann algebras and X is a normal dual operator 
module, we introduce a predual left module dual ; 

Xi^ = NCBi{X,B)b. 

Lemma 12. Let A, B von Neumann algebras, and X a strong operator A-B bimodule, then 
M,j{X\) = CBi{e{I)^,CBi{X,M,^^{B))B)) ^ CBi{e{I)^®h X, M,^^{B))b) 

C CBi{e{I)^®ehX,M,^^{B))B) = C'A(M,,i(X),M,,i(5))s). 

Moreover, there are multiplication maps for any sets /, J, K, and k, k' finite, extending the 
operator module structure (resp. for X G aNDOMb): 

.[.] : Mk,i{Xi) X Mi,j{A) X Mk,J{X^), {resp. .[.] : Mk,i{Xi^) x ^ Mk,j{XiO ), 
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Finally, we have the relations V6 G Mk'^k{B),\/u G Mkj{X'^),\/v G Mj^j{X): 

Vt G Mj^j{A), {bu)[x] = b{u[x]), Va G Mj^K{A),u[xa\ = (M[a;])[a], b{u\I\v) = (bu) Hu, 
and if X E aNDOMb we also have 

Vm G Mkj{Xif), Vc G Mj^k(B),u □ {vc) = (m □ v)c, Va G Mjj{A), (^[a]) □!; = «□ (av). 

Proof. The first identity comes from lemma [10] and the second from lemma [TTl This last 
inclusion follows from jER,n3[ Th 5.1] as their Th 5.7 corresponding to B = C hrst in the 
case B = B{H), the general case using strongly B von Neumann algebra thus closed for the 
strong operator topology in B{H). 

Note that i‘^{I)^®hX is a [i‘^{I)^<^hA®h{(l‘^{h)*)r] —B h-bimodule from the map obtained 
from associativity and the canonical trace on trace class operators [(£^(1)*)^ —)• C, 

and the product [A <^h X <^h B] -E X: 

[i\i)^(^hA(^h{f{ir)Mf{i),(^hX](^hB ~ f{i)^(^h[A(^h[{f{ir)r(^hf{i)^](^HX(^hB] -E e{i),®hX 

and this is of course consistent with inclusions of set I G J. From lemma [TTl oiie deduces 
Mky{Xi) is an Mk{B) — A 0/^ (£^(1)*)^] h-bimodule (consistent with inclusion in 

k, I. It suffices to extend it to an Mk{B) — Mij{A) h-bimodule for the canonical inclusion 

(^h 71 {f{ir)r] c Mjj{A) ~ ~ 71 0.,. {f{ir)r] 

the weak-* continuous isomorphism coming from the predual identity |ER001 (9.3.3-4-7)]: 

(M/(C))*0A ~ ^ ^ ®eh 71* ®eh 

Let us take as M^i^B) — Mij[A) h-bimodule structure the unique pointwise (on ®h 

X) weak-* (for Mi^^fB) and ’Mj{A)) continuous extension on X,MiA{B))B) 

i.e. with a i—)■ u[a]{x),x G i‘^{I)^®hX weak-* continuous. Uniqueness is obvious, for 
existence, note that since i‘^{I)^®ehX is an Mi[A) — B h-bimodule (agreeing by restriction, 

CBi{i‘^{I)^ ®eh X, MiA{B))B) is a i? — Mj{A) h bimodule and it is easy to see it is weak-* 
continuous in the Mi (A) argument. Then 

CBi{f{I)^®ehX,MiA{B))B)®hMi{A) -E CBi{f{I)^®ehX,M,A{B))B) ^ CBi{f{I)^®hX,M,A{B))B) 

is also agreeing and weak-* continuous as expected (the last map being the adjoint of restric¬ 
tion), and also when restricted to C'i?;(£^(/)^ 0/^ X, Mj i(R))b). All the identities for .[.] for 
the module structure are extended by (separate) weak-* continuity (of product) (we extend 
in a; G M/^j(A) hrst then in a G Mjk(a)) 

The case X normal dual is easier. 


Mkj{Xi^) = CBf{f{I)^ ®h X, Mi,i(R))s)) = NCBi{f{I)^ X, M,,i(R))s)) 

the hrst a meaning meaning separately normal in each argument (the argument being 
automatic by rehexivity) and the normal Haagerup identity coming from [ER03j . Since 








28 


YOANN DABROWSKI 


00-/1 X = ®eh X is a normal dual Mj{A) — B bimodule, the normal case of 

lemma ITT] applies directly (and the map is of course the restriction of the previous map). 

We reason similarly for the second map. One uses the identities noted before u E 
Mkj(CBi(X, B)b) ^ CBi(£^(I), ®h X, Ck ®h B)b C CBi{e{I), ®eh X, Ck ®h B)b. More¬ 
over we obtain for v e Mij{X) = CB{{P{J))c, CB{{P{I)*)r, X)) dehnes an element I ®v G 
CB{{£‘^{J))c, CB{{£‘^{r))c®eh c®ehX)) SO that one can compose uo[I^v) G 

CB{{£\J)),, CB{{£\I)), {iV))r, Ck ®h ^)) = CB{{£\J)),, CB{Mj{C), ®h dli))). 

Applying this to Id G Mj(C) one dehnes our expected product uE\v = \uo (I ^ v)](Id) G 

CB{{£\J)),, Ck ®h Ai) = 

The identities are easy to check for hnite matrices a, b, c and it suffices to note the appropri¬ 
ate continuities to extend them by weak-* density in those von Neumann algebras. Obviously 
u uE\v is continuous from point weak-* topology convergence to (operator) weak topology 
convergence, and the point weak-* topology was exactly the target topology of continuity of 
a I—)■ u[a] as expected. If moreover u G Mkj{NCBi{X, B)b) = NCBi{£‘^{I)c®ehX, Ck®hB )b 
and note that what we called v i—)■ (/ 0 v){Id) is nothing but the composition at target with 
the map CB{{£‘^{I)*)r, X) —)■ {£‘^{I))c ®eh X) dual of the canonical map |ER00l (9.3.4)] 
{£‘^{I)*)r ®h W — {£'^{I)*)r®X^. Thus n !-)■ (m □ n) is continuous from the weak-* topology 
to the operator weak topology since a convergent net in v implies pointwise on £‘^{J) weak- 
* convergence of (/ 0 v){Id) by the result above and by normality of u convergence after 
application of u weak-* in Mj i(i?). The operator weak topology is weaker than this point 
weak-* Mi^i{B) convergence. Since Mj^j{X) is also normal dual operator module, one can 
use weak-* continuity of c i—)■ nc, a e-)■ av to extend the identities. □ 

We are now ready to prove our module duality result and exploit it to obtain a useful 
density result. 

Proposition 13. Let Ai,i = 0, ...,n von Neumann algebras. Let Xi be normal dual Ai — Ai^i 
operator bimodules , then their bimodule left predual (W)/ti matricially normed Aj+i — Aj 
bimodules and, we have a completely contractive canonical map of A^+i — Aq bimodules : 

(A^n)/!:] ®hAn ••• ®hAi (Ao)/[j y (Aq 0e/iAi ••• ®ehAn Xn)i- 

As a consequence, forD C (M, r) finite von Neumann algebras mL'^{M)l^{d) ® {.dXId)\ — 
{nXlcfl completely isometrically and there is a canonical contractive map 

L\M<^P)r®hDo. ^ {LHD)L\M)L2^D)f>^^'^ ®hD' (MT'(M)i2(^)) 

with normwise dense range. 

Proof. To get the map from the non-module Haagerup tensor product, take u = Un® ■■■ Quq 
Ui G Mk^,ki_A{^i)h) (^-1 = 1 = ^n, ki hnite). Let a; = a:o O ... O x* G Mi.j.^^{Xi) 
(Jq = 1, In+i hnite, Jj sets) then we dehne for a E Aq u{a)[x\ E Mi^/^_^^(A„+i) in noting that 
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by using our various maps built above in lemma [12] : 

Uo[a\ G MqH H 

Ui[Mo[a] Sa:o] e Mk^j^{{Xi)n^),Ui[uo[a\ □ a:o] □ a:i G Mk^j^{A2)... 

and finally one defines 

u{a)[x] = Un[- ■ ■ [ui[uo[a\ □ Xq] □ Xi] • ■ ■ ] □ G Mk„,I^+i{An+l) = Mij^^-^{An+l). 

From the modularity of the operations it is easy to see it only depends on x in the extended 
Haagerup product and it is completely contractive in x from |M05j equation (2.6). Then, 
the modularity in u variables shows u i—)■ «(.)[.] G (Xq <^ehAi ■■■ ®ehA„ induces a map on 
the quotient which is the module Haagerup tensor product. 

We now turn to statement for the inclusion D C M. We saw before the proof {dMd))- — 

CBrD{M,D) = (z)Mc)5.. Now, take G and consider for {m(^k,K)ij,i)) e 

MkxL,nxL{M), then J2j ED{m(k,K)U,i)^ji) ^ ^fcxL.nxL(^) and 
j j,j',k,K 

j,j' 

- 11 I |m„xI„„xl(U) 1|M„xi.„xi(M) 

3 

= I l"^l lMfexi,»xL(M) 11^1 lM„(MT2(Ar)i2(o)) 

showing that {^ij) defines a map in Mn{CBrD{,M, D)) = CBroiMi^niM), Mi^n{D)). Since 
[(l+Sj ED{^jij.))~^]ik^tk ^ Mn{M) if the image of {^u) is zero, one deduces [(l+I]^ Zl* Ed{ 

0 and thus by functional calculus Yhi^Diitkiu) = 0 i-®- {in) = 0. We thus obtained the ex¬ 
pected injection mL‘^{M)l2{d) C 

Of course is a D°P — D°^ module, and we thus deduce from the first part of 

the proof a map 

C [{DMD)\rT'^^°^"®hDov[{DMc)\r^] -A {[D{M^^^^^®,kDM)c]lr^. 

Now, by [B97] 

and we have a canonical map from (a CB/modular variant of) lemma ?? : 

_ CBroiM^^^^^ ®,hD M, D) ®hD L\D), 

-A CBrD{M’^^^^^ ®,hD M, D ®hD L^{D)c) 

= C'H,d(d(M®^'‘^("+i))c,L2(Z1),) 

= (z5(M®='*°("+i))c)^ 
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the last equality being only isometric and not competely isometric and comes from the dehni- 
tion in |M05] . Now from the dehnition of duality there, the map from —>■ 

®hD' c pg identihed with 

the inclusion in L^{D °^)r ®hD°p followed by the opposite map to 

®ehD d<f)c]r ®hD -h^(-D)c followed by the map above. Since the hrst inclusion is 
dense, one deduces our contraction by extension 

L\D°P)r®hDov ^ {mD)L\M)mD)T'^^''^ ®hD' {m L\M) ^^d)) ■ 

It remains to show it has dense range inductively on n equivalently when replacing L‘^{D°p) 
by D°'P. The case n = 0 is obvious since M normwise dense in L?{M) and by the description 
of (a^L^(M)^ 2 (£))) in the last proposition. Assume recurrence hypothesis, take ^( 8 ) 77 ,^ G 

h ^ fo^fc,i(L 2 {D)-h^(M)i 2 (£)))®'*£’'"'“^ ®hD' (M.h^(M)x, 2 (o)) in the dense 
subspace of elementary tensors and get r]' G with ||? 7 ' — t/H < e/ 2 . 

One can assume ||^|| < 1. take a bounded net 3 ^ ^ converging 

in the sens of the last proposition and let us show that for n large enough ||.^n ® ~ ^ ® 

^ "''^hich will be enough by the isometric embedding above. Of course it 

suffices IK^n - 0 ® h'll(^(A^®e/.D(n+i))^)t < e/ 2 . 

But we have by dehnition the inequality 

< sup V||Eo[miEo(m277'i)(^n-Ol,j]l|2- 

This indeed tends to 0 since T^£)(m 2 ? 7 'i) ^ Mi,i{.D) thus miii^£)(en 2 hji) ^ ^ ^^eid the type of 
convergence of the previous proposition is thus enough. □ 


2. Generalized weak-* Haagerup products 

2.1. Supplementary results on Haagerup tensor products of H-modules. 


^the last inclusion being isometric since 

completely isometrically, cf the next proposition from |M05] . so that 
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Proposition 14. Let D G M finite von Neumann algebras. We have completely isometric 
isomorphisms and embeddings (for k>t)): 

®ehD {dMm) 

— [{l2{D)L‘^{M)m) ®hD' ®hD' 

c [{l^{D)L'^{M)m) ®hD’ ^hD' {m (M) 

= {mMd) ®w*hD ®w*hD {dMm), 

SO that (with an ordinary duality compatible with M — M module structure) 

®ehD (dMm) =■ 

= [(l2(_d)L^(M)m) ®hD' ®hD' (m-^^(^)l2(£)))]*^ 

C ®hD' ^hD' {mL^{M)l^{d))]* 

= {mMd) ®w*hD ®w*hD {dMm) ='■ 

such thatfor instance for mi®D---®Dmk +2 e ^i 0 ^/... 0 d'Ca :+2 e L^{D)L^{M)M)®hD' 

{LHD)L\M)L^D)r^^''^ ®hD' {mL\M)l2^j,)) =, L\Mr^o>k+2. 

{il ®D' ■■■ ®D' ik+2, fni ®D ■■■ ®D mk+ 2 ) 

= T{fimiED{m2ED{m2....ED{mk+iED{mk+2f,k+2)ik+i)--fi'i)f.2))- 

The inclusion C is a weak-* closed subspace so that both spaces are 

dual operator spaces. 

Moreover, there is a completely contractive weak-* continuous M—M bimodule embeddings 
;]\/[®-w*hDk +2 ^ (^p 2 (^j^^^®Dk+ 2 y^ moreover the projection E^' on L^(M)®^^+^ re¬ 
stricts to contractive maps —)■ _D'nM®’"*'*o^+2 ~ (L^(M)®'*d'^+ 2 /|^/}^ 

weak-* continuous on bounded sets and from —)■ H' fl 

Finally, for any x G Lfi{M),y G M, the map T,c,y ■ —)■ ®hD L‘^{M)) 

induced from T : L‘^{M)* ®eh ^ 2 ^^^ {L\M)* ®hD L\M)) (by T,,^y{U) = 

T{x®U®y)) is completely contractive weak-* continuous and an embedding when x = y = 1. 

Proof. The two first statements are consequences of general results stated above and the for¬ 
mula for the duality couplings follows easily from our previous computations. The statement 
that the extended Haagerup product is a dual operator space is standard from the weak* 
closedness statement (cf. e.g. |BLM1 lemmas 1.4.6, 1.4.7]). 

The fact that the extended Haagerup tensor product is closed in the weak-* Haagerup 
tensor product follows from the statement that for a bounded (say by 1) convex sets C in 
the extended space, its closure for the weak-* topology inside the weak-* product is ac¬ 
tually its closure for the normal weak-* topology (and thus is in the extended product). 
For, let a net (Ci)ie/ e C C {mMd) ®ehD ®ehD {dMm) converges to f (in the 

weak-* product) for the weak-* topology. Dehne J =]0, l[xL x L' where L is the set of 
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finite sets rj = {rji, of any length snch that rii = {r]i,a,Vi,b), Vi,a e {l^(^d)L^{M)m) ®hD' 

0 <m = m{l) < krji^b ^ iL^{D)L^ (M) L 2 [D))^^°'^~'^®hD'iML^ (M) 
with WrjijW < 1 in their respective norms and L' is the set of p = {/ii,...,/i„},/Xj G 
{L^(D)L^{M)M)®hD' {l^{d)L^{M) ®hD’ {m{M) (^d))■ We will order J by prodnct 
order (inverse order in ]0, e[, and inclusion for L,M) and build a net indexed by J converging 
to ^ in the weak-* topology and moreover converging in the normal weak-* topology and 
still in C. Thus £x (e, rj, p) e J. 

We know isnormwise dense in 

(M-h^(M)i 2 (£))) by the previous lemma fT^ Thus let rji^c £ such 

that 


\\Vi,c - hi,fell < 


4min(l, \ \r]i^a 


One also gets from the same lemma : 


I - I Ml I 2 I lhi,c| W + 1 - 

Thus {'^{r]i,a,Vi,c){mi ®d ••• mfc+ 2 ),d) = (hi,a dr]i^c,mi ••• <^d mk+ 2 ) defines 

^(hi,a,hi,c)("ll ®D ••• Od mk+ 2 ) e L‘^{D). 

But hi,c)(Ci) Weakly converges in L^{D) for all 1. Indeed, we saw it is bounded in 

L^{D), and since D C L‘^{D) is normwise dense, we only have to see weak convergence against 
elements in D, which is part of the assumed weak convergence of ^i. Thus if we write its limit 

with a slight abuse of notation {'^{rii^a,Vi,c){0)i&i,---,n ^ ((^(hl,a,hl,c), ^(hn,a, hn,c)) (O) 

by a standard consequence of Hahn-Banach theorem. One can take '^e,r]+ ^ ^ such that for 
all I e \ \^{r]i^a, Vi,c){-e,r^+ - Olh < i and thus \ \{^{r]i^a, Vi,c)i.-e,rj+ - 0\\i < We can 

also get |(/ij, — 01 — Thus is a net of C converging to ^ for the weak-* topology 

and converging for the normal weak-* topology, as wanted. 

For the last embedding (say for k = 0, the general case is similar using the last density 
result of the previous proposition), it suffices to get an essentially surjective completely 
contrative predual map : 

(L^(M) L^(M)) —)■ ®hD' 

Let us see c{l2{d)L^{M)m)d' = m'L‘^{M')l2(d') as a (right) C — D' correspondence as in the 
sense of |B97bl section 3] and L‘^{M) D' — C correspondence. Thus by |B97bl Theorem 3.1] 
(or even jB971 Theorem 4.3] since we don’t use the weak-* topology) L^(M) <S)d ~ 

(i 2 (£))L^(M)M)( 8 )e/iD'-L^(M) ~ (i 2 (£))L^(M)M) -L^(M) completely isometrically (the last 

isomorphism is explained in |M05] . here recall that L^(M) 0 ^) L^(M) and L^{M) have their 
column Hilbert space structures). 

Now we have essentially surjective (canonical) complete contractions 
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and 


712 : L‘^{M) ~ M' ®hM' —>■ ~ {mL'^{M)^ 2®hM' L‘^{M) 

using the complete isometries given in (1) for compatibility of the operator space structures. 
The reader should note that tti is normwise essentially surjective, while 7 T 2 is only weakly 
essentially surjective with a proof similar to the last density statement in proposition 01 
Obviously, tti ®hD' is the map we wanted which is weakly essentially surjective. The case 
with more than two tensors is similar using also the last density statement in proposition 01 
For the conditional expectations, note that on it is well known that Eo'{x) is a limit 
of a net of convex combinations = 'Y^\uUxu*,u G U{D). Since when x is in the weak-* 
Haagerup tensor product; such sum has also bounded norm, it has a weak-* convergent 
limit point which has to coincide with Eui{x). The statement for extended Haagerup tensor 
product then follows from the normal weak-* closability statement of weak-* closed bounded 
sets. The weak-* continuity follows by duality and density in preduals. E^i induces the 
isomorphism between the commutant and the quotient. The identihcation of the predual of 
the commutant is obvious from the bimodule structures. 

It remains to prove the hnal statement. For, we have to produce as the adjoint of a 
map : 

Sx,y ■ ®hD°P ((Mh^(M)i 2 (£)))] —>■ ®hD°P (M)2,2(£)))). 

We dehne ®hD°p C') = x ®m' i ®hD°p C ®m' V e [(/.^(M))* ®hM' ®hD°p 

®hM' T^(M)] with the isomorphism of Proposition 01 or said otherwise 

^x,y{,^ ®hD°P C ) ®hD°P )• 


Now, we have the claimed adjoitness realtion : 

{Sx,y{^®hD°pO^V®hDV') = T{ED{ix7])r]' y^') = {^®hD°P^', Xr]®hDV'V) = {^®hD°P^' ,T^,y{V®hDV)), 
thus T^^y = S*^y\i^ 0 ^,,iy 2 is indeed completely contractive and weak-* continuous. □ 

We can now hnish improving our last result to get our hrst main theorem. 

Theorem 15. Let D <Z M finite von Neumann algebras. IFe have a completely isometric 
weak-* homeomorpic isomorphism (for k > 0): 

®ehD {dMm) — (mMd) ®w*hD ®w*hD {dMm)- 
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Proof. First, note that (following the argument in |M051 Th 4.2] by injectivity of Haagerup 
tensor product and 

L'^{D){L^{M))m ®hD' 

— ®hD' D' ®hD' m{L^{M))l‘2{D) 

C l'^{d){L^{M))m ®hD' B{L^{D)) ®hD' m{L^{M))l2(^d) 

— L2(£))(L^(M))a4' ^hD' [L‘^iD) 0e/i (L'^iD))*] ®hD' M(-h^(M))x,2(£)) 
c L^{D){L^{M))m ®ehD' [L^{D) ®eh (-^^(-D))*] ®ehD' M {M)) 1,2 

— [l'^{D){L^{M))m ®ehD’ L^{D)] ®eh [(-^^(-D))* ®ehD' A4(F^(M))x,2(^) 

Thus the dual map gives a weak-* continuous complete quotient map M®„hM —>■ M®u}*hDM 
(this map is also the composition of known maps M ®„h M ^ M ®ahD M ^ M ®w*hD M). 
Similarly, one gets weak-* continuous complete quotient map : 

]\^®ah(k+2) ®w*hD ®w*hD {d^m)- 

But from |ER031 lemma 5.8], the algebraic tensor product is weak-* dense in M^-Bk+2) and 
obviously mapped to {m^d) ®ehD ®ehD (dMm), thus this space is also weak-* 

dense in (mMd) ®w*hD ®w*hD {dMm)- But we saw in the last proposition it is 

also weak-* closed, thus they are equal. □ 

2.2. Haagerup tensor products relative to covariance maps. We start by observing 
that M ®w*hD M is weak-* continuously completely isometric to a quotient of M ®„h M as 
in the proof of theorem [T5l 

And thus M ®crh Af —y M ®w*hD M C ®D L‘^{M))* and the adjoint map actually 

factorizes (with value in the predual) 

J : L\M)®dL\M) ^ mD){L\M))M®hD' [m{L\M))l2^d)\ C {L\M))M®eh [m{L\M))]. 

We even have the following explicit description when we see (L^(M))m ®eh [m(T^(M))] C 
(M ®h M)* that will be useful to compare with our general theory : 

Lemma 16. For tensors in the algebraic tensor product, y ®x ^ Lf{M) ®d Lf{M)m ® n G 
M ®h M the duality pairing is given by 

{J{y ® x),m ®n) = T^xmEuiny)). 

Proof. If (cj) is an orthonormal basis of L‘^{D) so that y ® x is represented by a; 0 1^) <8) 
y £ l'2{d){L^{M))m ®hD' B{L‘^{D)) ®hD' m{L^{M))l2(d) in the inclusion above and then, 
decomposing 1^, = 1 = ^0 e* G [L‘^{D) ®eh {L‘^{D))*], by ® Thus by 
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definition the pairing is given by 

{J{y x),m ^ n) = ® ye*, m® n) = T{eiXm)T{ye*n) 

i i 

= '^T{eiED{xm))T{ED{ny)e*) = T{xmED{ny)). 
i 

□ 

Replacing L‘^{M,E£)) ~ L‘^{M) L‘^{M) by L'^{M,r] o Ed) we will now generalize this 

situation to general covariance maps. 

Recall that y : D —)■ B{i‘^{E)) ® D is a normal r-symmetric completely positive map 
with supjgj ||pi(l)|| < C. We let {Si)i^i a semicircular system of covariance y over D. We 
dehne various ” direct sums” of Haagerup tensor products to take care of our several variable 
setting. For X, Y matricially normed spaces we dehne : 

X Y = X®h (^h Y, X Y = X®h Co(/) Y 

with £^{I) given its standard operator space structure as dual of Co(/), predual of 
both being given their standard operator space structure as C*-algebras. Likewise, if X, Y 
are operator spaces (respectively for ah products dual operator spaces), we dehne : 

X 0^/) Y = X®,!, i\l) 0e;, R, X R = X 0e;, £~(/) ®eh Y, 

X 0^"’') R = X 0,,;, {i^{I))* Y, X 0^'^°°) R = X 0.;, i^{I) R 

We have the following result following from well-known properties of Haagerup tensor 
products : 

Lemma 17. For X, R matricially normed spaces, one has completely contractive maps : 

{X* R*) ^ (X R)*, (X* 0f/^ R*) ^ (X 0^"’°°) R)L 

If moreover, X, R are operator spaces the maps above are complete isomorphisms and we 
have completely isometric maps : 

(X- 0!,0' F*) ~ (A' Y)\ (A* ®!,y' Y-) ~ (A vy. 

Proof. The hrst operator space duality result is for instance [ER031 Th 5.3] and since, for 
instance (X* Y*) = CBf,^{{X*)* x {i°°{I))* x (R*)*,C) composing with completely 

bounded maps to standard operator space biduals X —)■ (X*)*, R ^ {Y*)*,i^{I) —)■ {i°°{I))* 
one gets the result in the matricially normed space case using |BP91j . The second duality 
result is mostly the dehnition |ER031 p 148] and duality results of sequence spaces. □ 








36 


YOANN DABROWSKI 


Note that one gets weak-* continuous completely bounded maps 

.#^ : M M ^ W*{M, Si, iel) = Nr,c l\n^), n L\N^)r 

this map extending {rrii) i—)■ dehned on Haagerup tensor product. 

More precisely, since S = (S'i)ig/ G ©ig/iV^ = NCB{{£°°{I))*, Nj^), one dehnes x^S = 
m[{l © S' © l)(a:)] when x E M M = M (^°°(/))* ®ah M, 1 © S © 1 is dehned on 
this space by [ER03] so that (1 © S' © l)(a;) G M ®ah ®ah M is weak-* continuous in x 
and m : M ®„h -^?? ©o-h M —)• is the canonical weak-* continuous multiplication map (see 
beginning of subsection 12.31 for more details). 

Of course the image of this map is a set dense into an isomorphic copy of (L^(M, t] o Eu) 
we will thus see as a closed subspace of L‘^[N^). 

Let us examine the dual map in using our section ?? and prove : 

Proposition 18. The dual map of .j^S : M M ^ {L\M,rio ED)cn{L\M,rio ED)r C 
Lf{Nn)c 0 L‘^{Njj)r when restricted to M M gives a predual map (.#S)* : {Lf{M,ri o 
Ed)c + rj o E]:))r) L^{M) ©ejj’°°^ L^{M) C ((M ®h MY)* for the original .ffS. 

Proof. Since we checked the hrst map is weak-* continuous, it has a predual map, and, 
moreover, the former is from |ER03l Prop 5.9] the unique weak-* continuous extension of 
the restriction. The dual map of the restriction, by rehexivity of the target, has a target space 
the space of separately continuous maps, i.e. as written, the predual and thus necessarily 
agrees with the predual map as in the proof of their proposition 5.9. □ 

We could have taken D = M from the beginning in starting from a covariance map on M 
instead of rj o Ed. 

Definition 19. We dehne the weak-* Haagerup tensor product relative to the covariance 
map rj on M by the operator space dual : 

M ©^*,, M = 

By dehnition and the last proposition there is a weak-* continuous completely quotient 
map (also called complete metric surjection, see e.g. |P03l Prop 2.4.2]) from the a haagerup 
product and a weak-* continuous completely contractive injection to a Hilbert space (with 
intersection of row and column structure) which is even weak-* homeomorphic on bounded 
sets : 

Pr, : M ®Yh^ M ^ M M, ^ : M M C L^M, p), n (L^(M, p),. 

Note that Ker{pY = Ker{.ifS). 

Definition 20. We dehne the extended Haagerup tensor product relative to the covariance 
map p on M by the image : M ®ehr, M := pYM ®Yh'’ M)cM M. 
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The above definition uses the canonical injection M M <Z M M coming from 

[?] 

Example 21. If |/| = 1 and 7] = idr), {L‘^{M,ri o Ej:)))r = 0^) Lf{M))r — 

L‘^{M)r ®ehD°p = Lf{M)r ®hD°p (M)°^ 2 (£,) (hy |B97b] where the oppo¬ 
site identification is given 0 d Lfi{M))c — ®ehD difi{M)c and using 

also e.g. [MO51 Rmk 2.18] for the last eguality) is the usual module tensor product and 
coincides with the restriction of the map explained at the beginning of this subsection 
®hD' C {L^{M))m ®eh [m{L^{M))], as we can see from it 

concrete inclusion in the dual of M ®h M in lemmaUR The closure considered in the defini¬ 
tion of the weak-* haagerup tensor product is thus merely (using the density result in lemma 
\W ®hD' Its operator space dual is thus what we defined as 

M ®w*hD M in section [Q and it agrees with our new M ®w*h(idD) Since from |M05] . 
one sees any element in M ®ehD M can be seen as an image of an element in M M and 
conversely, one also gets M ®ehD M c:=l M ®eh{idD) 

Example 22. If\I\ = 1 and rj = Eb, the trace preserving conditional expectation to B G D it 
is easy to see by construction (using Eb semicircular systems agree with idB ones over B) that 
M ®^*h(Es) M = M ®,,.h(ids) M ~ M ®^.hB M, M ®eh{EB) M = M ®eh{ids) M ~ M ®ehB M. 
(The last isomorphisms from our previous example). 

Another interesting examples comes from the relation of free probability to cross-products 
explained in |Shl99| section 7.3]. 

Example 23. If |J| = 2 and a : D ^ D is a trace preserving *-automorphism, we define 
hii(®) = Q^(®) + = 1722 ( 0 ),' 712 (a) = —i{a{a) — a~^{a)) = — 1721 ( 0 ), so that rj : A ^ 

M 2 {A) is a covariance map. It is shown in |Shl99( section 7.3] that for [Si, S 2 ) rj-semicircular 
system, C = Si -\- iS 2 then for all d E D, dC = Ca{d). This suggests a description of our 
previous tensor products we now explain. 

We briefly generalize our tensor products to n-ary tensor products. 

Thus for j = l,...,n, let rjj ■. M ^ B{i‘^{Ij)) ® M he normal r-symmetric completely 
positive map with supjgj, ||r 7 i(l)|| < Cj. We let (S'P'’)ig/^. a semicircular system of covariance 
rjj over M. We sometimes call 17 = ( 71 , ...,rin) for short. We can build them all in A^(^) = 
Nni *M ■■■ *M with the previous notation for = W*{M, S\^\i G Ifi. 

One gets an obvious definition of M ... M = (...(M M)... M by 

associativity and similarly for other tensor products and of : 

.#(^( 1 ),..., : M ... M -E iV(,) C L 2 (iV(,))g O 

Proposition 24. The dual map of : M ... ®l!h’^^ M —)■ N(^ri) C 

L^(iV(^))c n when restricted to M ... M A"(^) gives a predual map 
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(.#(S»),.... ^ L\M) ... L\M) c (M ®l'-'> 

• •• M)* for the original map 

Proof. This is again |ER03[ Prop 5.9]. □ 

There are some subtleties in the multitensor case. We start by an intermediate dehnition. 

Definition 25. We define the strict weak-* Haagerup tensor power relative to the list of 
covariance maps rj = (//i,..., Pn) on M by the operator space dual : 

with weak-* continuous completely quotient map and completely contractive injection (the 
injection is even weak-* homeomorphic on bounded sets) : 

Psr, ■■ M ... M ^ z,, : C L'(iV(,))e n (L'(iV(,)),. 

Example 26. As in example lMi using the density result in lemma lT^ one sees 
fi^®w*hDn completely isometrically and weak-* homeomorphically. 

Let us now describe more explicitly the completion involved in the definition above as 
predual in operator algebraic terms. We start by recalling basic identities that will enable 
us to define a better notion of tensor product with associativity. 

Remark 27. Using a (specific case D = C of a) description in proposition [2] L^{M) ~ 
Lf{M)r ®hM' Lf{M)c — Lf{M)r ®ehM' L‘^{M)c (via |M051 Rmk 2.18]), one gets : 

^l(JVf)®eUn+l) _ ([R(L 2 (M))]®e.M^-) L\M), 

so that one recovers the identification for the duals (from |EKj . [EE 88 j using |M97j to 
identify definitions of tensor products) 

For the Haagerup product, one replaces bounded operators by compact ones : 

Li(M)®'‘("+i) ^ L\M)r ®hM' ([/C(L 2 (M))]®'-m-) L\M),, 

M®^h{n+i) ^ CBm'{[1C{L^{M))]®>^«''^]B{L^{M)))m'. 

Definition 28. We define the weak-* Haagerup tensor power relative to the list of covariance 
maps p = (?7i, ..., Pn) on M by a M'-normal part (separately in all arguments) in the operator 
space dual : 

=[L\M\ ®hM' • • • ®hM' 

n [L\M\ ®hM' • • • 0,M' 
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with weak-* continuous completely quotient map and completely contractive injection (thanks 
to which one defines the intersection space structure above in L‘^{N(^ri))c + 

: M ... M ^ C C L\N^rj))c n {L\N^rj))r- 

We define the extended Haagerup tensor power relative to p on M by the image with 
induced norm from the inclusion : := Pr^{M ... ^ 

If p is the empty list, both spaces are by convention M. Note that the fact that Prj is well 
defined is not obvious and will follow from the next automatic normality result. 

The main technical result is the following 

Theorem 29. For M a finite von Neumann algebra, p = {pi, ...pn) a list of covariance maps, 
we have a complete isometry : 

(M M) ■ ■ ■ ®ehM {M M) ~ 

Moreover, for M <Z N finite von Neumann algebras, we have a canonical weak- * continuous 
inclusion M®™*'*’' _ Pinally, there is a canonical complete guotient map 

Pri ■ M) ^ {M ®^.hr,, M) ®,hM ' ' ' ®ehM {M ®^*hr,„ M) 

such that for the canonical complete isometry 

ahM 

Jn ■■ {M®iP^^M)®,hM---®ehM{M®i;fPM) ^ (g) {M®[;^PM):^M®iP^\..®iy^M 

j=l...n 

we have the commutative diagram psrj o = P^. 

We will by now consider only the weak-* Haagerup product notation with the weak-* 
topology coming from the strict weak-* Haagerup definition. 

This is an obvious consequence of the following lemma and theorem [15] (since the inter¬ 
section we describe in the bellow is then trivial since one of the spaces is included in the 
second giving the equality above). 

Lemma 30. The predual as a M — M normal dual operator module of M ®w*hrii M is 

- M' M' - M' M' 

M\ = {.i^S®)4L^M,p,)L^M)] = {.i^S®ULHM)L^M,p,)] 

the closure for the M'—M' topology (cf[?]) of either right or left bounded vectors in L‘^{M,pi) 
when sent via (.#5'*^*^)* to ~ i°°{Ii)®B{L‘^{M)).Moreover, we have a 

complete isometry : 

(M M) ®ehM ■ ■ ■ ®ehM {M ®,,,hr,„ M) ~ 

Finally, if we see canonically 

C C ... ®^*hM N,„, 
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(- ®ehM ■■■ ®ehM C ®w*hM ■■■ ®w*hM -^ 7 ?„, 

then 

... n 

so that all inclusions above have weak-* closed image, all the spaces are normal dual operator 
M-M bimodules with all the inclusions weak-* continuous as well as irj which is even weak-* 
homeomorphic on bounded sets as well as the maps above which are isometric. 

Note that this last statement gives a substitute of associativity, essential for later algebraic 
uses of this tensor product. 


Proof. First, from the weak-* continuous complete quotient map, we have an inclusion 
(M M\ C (M M\ = L\M), L^{M)r from |HQ5l Def 4.1, Th 4.2,Th 

2.17] since {mMc\ = {M)f\c and = c[L\M)r]M' (see e.g. |M05[ proof of 

Corol 3.3]) and since an extended Haagerup product of strong modules is strong |M971 Prop 
4.1]. 

Thejdentification L^{M)c®ehi°°{Ii)^ehL^{M)r = = 

i°°{Ii)^B{L‘^{M)) is well-known and it is clear from the dehnition that for ^ G L‘^{M, rji) right 
or left bounded, : (xj)jgj-. —)■ is the element of £°°(/j)(g)il(L^(M)) 

in the identihcation above. Since the two left hand sides are closed in the M' — M' topology, 
thus strong M' — M' modules, it suffices, again from [M05( Th 2.17], to identify their duals, 

- M' ,M' 

e.g. for Y = (.#S'h))4L2('j\Y,7^.)^2(A^)] : 

M ®w*hr)i M = (F)^ = {Lf{M)r ®hM' y ®hM' L‘^{M)c)*, 

the last identity from |M05[ Corol 3.4]. And for this by definition, it suffices to check 
Lf{M)r ®hM' y ®hM' 

( \(T2(AT \ ^T2(AT \ 

= [■HS^n)*[KL\Nrjf)c + L\Nr,^)r)] 


with the identihcation of the last remark. Since the left hand side is closed this boils down 
to a density result, checkable on basic tensors (since we have Haagerup tensor product on 
both sides), but if one takes x,y & Lf{M),Y 3 ^ = limn(.#5*^*))*(.^„), ^ L‘^{M,r]i)L2^M) 

(the convergence being in the M — M topology and from [?, Th 3.5] the net can be taken 
bounded in {i°°{Ii)®B{L‘^{M)))) and yn & M tending to y. Thus (.#5'*^*^)*(?/„(^„a;) = x® 
®yn^x® (.#F«),(0 ® y. since replacing y^ by y is easy by boundedness 
and then the normwise convergence x® (.#*S'‘^*^)*(.^„) ®y ^ x® (.#s«).K)0 y is easy from 
the dehnition of the M' — M' topology (and basically its dehnition). 

This concludes the proof of the hrst identity. For the second identity, one uses that for 
i e L^(M)L‘^{M,rii)\^^[a + ^ dY{M,r]i)L2^M) (actually it is both right and 

left bounded) and it is easy to see the convergence of its image by (.^F*^*^)* to (.#5'^*))*(.^) 
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when a —)■ oo in the M' — C topology. With a symmetric argument, one thus checks the two 
inclusions concluding to the second equality : 

_(Q 


-C,M' 


From |M051 Corol 3.5] (and |M051 Prop 3.13] for the automatic normality on the sides), if 


we call 


Yi = m'{,{,-H^SY))^[L^[M ,r]i) l2(m )\, 

M' ’ 




then 


= [W • • • ®HM' n [Zi • • • ®hM' 

— F"i ®ehM ■ ■ ■ ®ehM H Z\ ®ehM ' ' ' ®ehM Z\ 

with the last isomorphism by the multitensor variant of |M051 Theorem 3.2]. But similarly 

((.#S'h))^[L 2 (]\^^y^.)^ 2 (^)] ' L‘^{M)c is a closed subspace of B{M) 0gi)°° 

L^{M) (by completeness and injectivity of module Haagerup tensor product) in which 
B{M)r ®hM' T^(M, rji) l2(m) ®hM> T^(M)cis dense, thus this is the closure of this space which 
is nothing but {{.^S)^[{L‘^{M,rii)c)] as explained before. 

_ _ (j(M)) 

One thus obtains ((.#S')4(L2(M,?7i)c)] = B{M)r®hM'ii-ifS®)^[L‘^{M,r]i)L 2 ,^M)] ' ®hM' 

-^- M'—M' 

Lr{M)c. But similarly one sees this also equals Vi)L^{M)\ ®hM' 

L‘^{M)c = ((.#S')*[(L^(M, r 7 j)c)]. From the previous computations in the M' — M' topology, 
one sees this is nothing but 

_ M'—M' 

L‘^{M)r ®hM' {{■ifS®)^[L^{M,r]i)L2(^M) + L^{M)L‘^{M,rii)] ®hM’ L^{M)c 

= ((.#^),[(L2(M,r7,),) + (L2 (m,77,),)]. 

Thus by definition we have M ®w*hrn M = = Z'l (similarly) and one gets the stated 

isomorphism. (The reader should note that this change from norm to M' — M' closure does 
not work for more than one tensor implying the more restrictive definition in this case). 

Note hnally that the inclusion 

][f^w*hV (- j-y^ • • • <^hM' Yn]'^ n [Zi ®hM' ■ ■ ■ ®hM' Zr^^ 

— \Yl ®hM' ■ ■ ■ ®hM' Yn + Z'l ®hM' ■ ■ ■ ®hM' Zn^ = 
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since the reasoning above again shows 


• • • ®hM' Yn + Zi ®hM' • • • ®hM' Zn 






and the inclusion stated (even in the dehnition) is now clear. 

From the dehnition, we have ((M ®w*hr)i M)) C Nrj^ weak-* continuously so that we 
have a canonical map by functoriality —)■ ®ehM ■■■ ®ehM We will see later it 

is injective. We have ®ehM ••• ®ehM C ®w*hM ••• ®w*hM as a weak-* closed 
both dual operator spaces with the induced weak-* topology by proposition (TH 

In order to see the last weak-* continuous inclusion C ®w*hM ■■■ ®w*hM 

we won’t build the explicitly, not so obvious, predual map but use a common inclusion in a 
third space. Using example 1261 and the projection L^(A^(^)) —)■ one gets the weak-* 

continuous inclusions weak-* homeomorphic on bounded sets : 

/ : ®^*hM ... C ^ ^ M) 

with this last embedding realized as .#(Fi,..., W_i) the evaluation on n — 1 free semicircular 
variables in L(F„_i). Now it is easy to see that M...MS^'^~^">Yn-iMM generate 
an isomorphic M — M Hilbert bimodule than in *m 

{L{Fn) ® M)), L'^{N(^ri))■ Let J the corresponding map with = S^^'^Yi. Then I~^J o 

..., ..., 5'*^”^)] is the weak-* continuous inclusion 

C ®w*hM ... ®w*hM Nn^ we want. The fact it has closed image is obvious by 
weak-* compactness. 

From the previous inclusions, one thus deduces M®™*'*’^ C ®ehM ■■■®ehM, 
let us prove the converse. For, one takes / G M®*™*'*’^ and one has to prove the normality 
condition on the predual in assuming also / G ®ehM ■■■ ®ehM Thus take by density 

G ®hM' ■ ■ ■ ®hM' {.#S^%[L\M,r]k)mM)], 


Z2 G ®hM' ' ' ' ®hM' {M, r]rr) L^M)] 

and one has to show m e-)■ f {zi^mz2) normal in M' but following our isomorphisms, it is clear 
that zi,Z 2 comes from elements for instance in L^(M)L^{Nr,^) ®hM' l‘2(m)L^{Nt^^)i2(^m) ®hM' 
...®hM'L‘2(M)L^{Nn^,)L‘2(M) giving the expected normality from the characterization of Nr^i®ehM 
... ®ehM by a normality condition in |M051 Th 3.2]. 

From the now proved equality with an intersection of two weak-* closed sets, is 

thus a weak-* closed set of a dual operator space M®*™*'*’', thus a dual operator space. The 
remaining weak-* continuities are then obvious. □ 


Proof of Thm [13. As explained, it only remains to build the inclusion. As explained, the 
equality implies that the normality condition in the dehnition of M®“’*'»^ can be removed 
showing that is well dehned and weak-* continuous as stated, and equal to 
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First, the canonical weak-* continnons map jg injective since the 

prednal map is given by a tensor prodnct to projection Em '■ L^{N) —)■ L^{M) which is 
snrjective. From the inclnsion zjy : L^{M) —)■ L^{N) its tensor prodncts and dnals, we also 
see —)■ is completely isometric since it is complemented by the map coming 

from tensor prodnct of conditional expectations Em- 

Looking at the composition u = PtioEm °iNJ ; —)■ An element is in its 

kernel if and only if it is in the one of °u = S'„)^oEm) ° ^n,i = ° Pv 

since a free prodnct with amalgamation over A"(,joEm) = ^ *m A^(r;) gives the canonical space 
for p o Em variables. Thus Keru = Kerp,j and u fatorizes to our expected injective map 
u' : —)■ unique with u' o = u. 

But note that looking at preduals in the strict Haagerup picture, on L^(A^(^oEm)) have 
the identity easily checked by duality and characterization of projections : 

° •••, SnjrjoEM)* ~ •••) Sn)ri)* ° 

which enables to build an induced map v : )^, —)■ (M®™*'^’^)* with 

SO that 

° iPv)* = 

and this induced map gives the expected predual map of the strict weak-* Haagerup 
product. Indeed, the dual relation gives i — '^* °Pj?oEm that characterizes our u' = v*. 

Let us turn to proving the commutative diagram. Note that to build P^, we use lemma 
[3] to get an extended Haagerup product of quotient maps using the module predual 
inclusions computed in lemma [301 The construction of is obvious from associativity of 
normal Haagerup product and lemma [3l Note that by this lemma if 

are the canonical inclusion and projection we have Moreover, by dehnition P^j 

is obtained as a restrition of 

w*hM ehM 

j=l...n j=l...n 

so that Qn o Iv ~ Thus it remains to check psn = Qrj o T^j. This is obvious since the 
predual maps are compositions of inclusions (using injectivity of Haagerup tensor product 
on the inclusion of the hrst part of lemma l30|) : 

hM' hM' ehM' 

(g) M\ C (g) ^ 0 

7=1...n 7 = 1 ...n 7=1...n 
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□ 

In order to deal with the analogue of commutants needed in this context to produce the 
operadic structure needed to get composition of analytic functions, and not only in the weak- 
* Haagerup context but also in the extended Haagerup context we need a definition inspired 
from our result in the module case. 

Definition 31. A list of covariance maps r] = (pi,...,p„) (resp. a set of covariance map 
7] = {rji, i E I}) has (w*CIEIlP) or has weak-* closed inclusion of extended Haagerup powers 
if the unit ball of is weak-* closed in (resp for any ii, G I, {Vn, ■■■iVin) 

has (w*CIEHP)) 

We thus saw in proposition IT^ that {Eb} has (w*CIEHP) and this can be generalized to 
{Eb,B C M}. It is an interesting question to determine the set of covariance maps having 
this property but we won’t try to solve this technical problem here. 

2.3. Spaces of variables relative to r] and multiplication on generalized Haagerup 
tensor products. The goal of this section is first to dehne spaces of variables relative to p, 
or what we could call r^-commutants since they will coincide with commutants of D in the 
case 7] = Ed- 

Then we will produce projections on these spaces and we will provide multiplication maps 
in the spirit of Theorem [2] (4). 

Note that if X is a normal dual operator D-bimodule (recall this is written X G dNDOMb, 
the canonical map D W D —)■ X, is normal when restricted to each argument D,X,D 
(see e.g. |M05( Th 2.9, Tmk 2.10], thus by |ER03( Prop 5.9] is extends uniquely to a weak-* 
continuous CB map m : D ^ D —)■ X. 

For such an X, there is a completely bounded separately weak-* continuous pairing 

.#. : X r{I,X)^X. 

Recall that Mn{i°^{I,X)) = (BieiMn{X) ~ Mn{X)) ~ CB{[Mn{X)],, ~ 

NCB (I))* , Mn{X)) (where is as usual given its maximal operator space structure). 

It is dehned for x G X)) by = {idM^ ® ?44)iSo-[(l ®x® l)((i)] since (10x0 

l)((i) G D 00-/1 Mn{X) 0O-/1 D is defined by functoriality (see |ER031 p 149]) of the normal 
Haagerup tensor product for normal maps as an element x G NCB{{i°^{E))*,Mn{X)) and 
Sa : D ®(jh {Mn®X) 0O-/1 D -E Mn®[D 0O-/1 X 0O-/1 D] is the shuffle map of |ER031 Th 6.1]. 

Definition 32. Let X G dNDOMd and t] : D B{L‘^(I)) 0 D a symmetric covariance 
map. The set of t] variables (or r^-commutant), written 7]'r\i°°{I, X) is the subset of £^{I, X) 
of elements x = {xi)i^i such that d^j^x = 0 for all d G Ker{pr)) C D 0^^^^ D. 

We hrst note this is the convenient condition to dehne multiplication maps from our tensor 
product relative to p. 
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Proposition 33. Let X G uNDOM^ and t] : D ^ ® D a symmetric covariance 

map. The paring induces (after switch of the arguments) complete contractions in: 

AC'if € CBo({e°°(I, X))0°~°(D D), X)o, 

6 CBd(|i)' n r(I, A')|S°"®(D D),X)d. 

They are weak-* continuous in the second argument (i.e. d i—)■ dffx is weak-* continuous) 
and the first one also extends uniguely to a complete contraction 

M°-'X 6 A), (D £>),)]», A)i,. 

Moreover, the pairing extends to D) X £^{I,X) —e ^{I,X) and for 

any a; G //' fl any d G Ker{pri)),d^x = 0. Finally, ®w*hri D) ~ 

£°°{I, D) / £°°{I ,Ker{pr()). As a conseguence, the extended pairing induces oneCB[[ri'A 

£-(/, V(J, D X)). 

Proof. One considers the case A = £^(I),A** = (£°°(I))*,B = (£°°(I, X)), Ci = C 2 = B> of 
the map built in lemma [H] and one gets : 

5 : £^(I, X)§''"^[D 0rrh (£^(I)r D] ^ D ®rrh {£^ {I, X)§£'(J))** 0,,;, D. 

But we saw {£°^{I,X)^£^{I))* = CB{£^{I,X),£^{I)) = CB{CB{X,,£°^{I)),£°^{I)) and 
the evaluation map thus gives a completely bounded map 

E-.Xse^ CB{CB{X,,£’^{I)),£°^{I)) = {£°^{I, X)®£\l)y 

and by duality a normal CB map 

E* : (£°°(/,X)0£^(J))” ^ X. 

Note that for any x G £°°{I,X),f G {£^{1))**, E*{x ® f) = x(/) in the identihcation 
X) CB{X,^,£°°{I) NCB{{£^{I))**,X) for which k{x) = i{x)* is the adjoint map 

Indeed for i/ G X* we have 

{E{y),{x®f)) = {L{x)[y]J){y,K{x)[f]) =: {y,x{f)). 

Thus using |ER03j again to build Id ® E* ® Id and the extended multiplication map for 
normal dual modules m : D®„hX®ahD —)■ X, it remains to show that mo(^Id®E*®Id)oS is 
the expected map induced hy .ff. and we only have to check on elementary tensor products. 
Since the dehnition of both maps end with m, it suffices to show that {Id®E*®Id)oS{x®d) = 
(I0a;0l)(d) for X G £°°{I,X) = NCB{{£°°{!))*, X), d e [D {£°°{I))* ®ah D] and from 
the normality we checked in the second argument (for S, the folowing compositions being 
obvious), it suffices to check equality on d = ci 0 / 0 C 2 , Ci, C 2 G T), / G £^{I)*, Then 

(Id 0 E* 0 Id) o S(x d) = Cl 0 E*(x 0 /) 0 C 2 = Cl 0 x(f) 0 C 2 


as expected. 
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For the second map induced by quotient, we use again the universal property proved in 
corollary [7] hrst to note that E CB{[r]' r\i°°{I,X)],CBD{D D,X)d) by restriction. 

In order to get a map in CBD{[r]'r]i°°{I, X)]0 {D<^u}*hr]D), X)r), it suffices to note that by 

dehnition any element in d G Ker{p^) induces the 0 map once restricted on the commutant, 
so that our pairing induces by quotient a map G CB{[r]' n £°°{I,X)],CBr){D ®w*hri 
D,X)o)- This concludes. To see normality in the second argument, since the map before 
quotient was normal, one can consider pointwise its predual map : X* —)■ D]^ 

but Kerpr, = {D ®w*hr) -D)*]'*' from the bipolar theorem {D ®w*hr) D)* = {Kerp^)^ so 
that the vanishing on Kerpr, of (. 7 ^a:)*(|/) ioi y E X,x E p' i°°{I,X) guaranties is 

then valued in {D ®w*hr] D)* concluding to the weak-* continuity. 

In order to build the extension of the hrst map, one build the module predual map, one 
build the module predual map in X), (D D\))j:)i and uses that 

the source and target space are strong module (see lemma [H] for the target) so that the dual 
map will be also contractive by |M05l Prop 3.12] with same norm. Of course one uses again 
i°°{I,X) ~ OS(X*,£°°(J)). Note that D)i^ ~ (8)eh ^ and since X 

is a normal dual operator module we have a normal contraction D ^ ®ah T* —t X thus 
from |M05l Prop 3.11] there is a unique module predual map rn\^X<^ —)■ UtiD c ®ehX^ ®eh ^ 
also contractive since both module are strong so that one can use |M05[ Prop 3.12]. One 
thus gets our map by composing this to a map in 


X, Oeh X), {D D\))u' 

= C B{C B{X^, {!)), CBD'{D^^J^^ ®eh X* ®eh ^®eh ®eh D\^c,d)d') 

of course the canonical map corresponding to T i—)■ (1 ® T ® 1). It is apparent that for 
X G i°°{I,X) hxed, the dual map is indeed the same as .j^x so that one obtains in the way 
an extension of .#. as expected. 

For the uniqueness of this extension, it suffices to check the canonical map B® 

D) —)■ [CB{B^ {D D\)]^ has weak-* dense image. 

But note that the map decomposes as 

0^"' D) = [CB{B, (D 0"> D)% 

^ ICB(B, (D 0™ C)*)]* 

^ ICB(B, (D 0^’ B),)]‘ 


where the hrst map is weak-* dense by Goldstine lemma and the interpretation of the module 
bidual as a complete quotient of the ordinary bidual in |M05[ Corol 3.5 (iii)], and the second 
map is also a weak-* continuous complete quotient map by |M05l Prop 3.12 (ii)] as the 
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module dual of the complete isometry CB{B, (D D\) C CB{B, [D -D)^), in a 
case where source and target spaces are strong modules. 

For the last extension one starts by seeing G CB{i°°{I, X), NCBd{D D,X)d) 

thus giving using normality and the predual map . 7 ^. G CB{£°°{I, X), CB{X^, -D]*)) 

and by universal property of direct sums G CB{i°°{I,X),CB{i^{I,X^),i^{I, 

D]*))) this thus gives again by dual map (and checking by hand the modularity by density 
of hnite sums) the expected 

.#. G CB{i^{I, X), NCBoii^il, D 0^',') X))d). 

The extended relation = 0 is obvious by normality and the hrst argument and using 
weak-* density of hnitely supported sequences in iFer(p^)) and the induced map will 
be obtained as before once proved the quotient relation. But the canonical map from the 
universal property 0^^^^ D) —)■ ®w*hri D) is onto and induces obviously a 

quotient map D)/ 1°^{I, Keripj^)) *hriD). Moreover, the universal 

map corresponds to the restriction map 

and thus since is injective, by [EROOl lemma 4.1.7], this map is a complete quotient 

map, and it suffices to identify its kernel to be Ker{pj^)) to conclude. We already said 
the kernel contain this space, but if x in the kernel, it is obvious that the coordinate map 
x{i) G D 0^^^^ D) is sent to the coordinate for 0 G ®w*hri B>), i.e. x{i) G Ker{p^) 

and this concludes. 

□ 

3. Generalized Analytic non-commutative eunctions relative to covariance 

MAPS 

3.1. Universal Analytic functions. We are now ready to introduce our generalized an¬ 
alytic functions. We consider B a hnite von Neumann algebra, and Br is then the unit 
ball of radius A.Let also / = (Ji, ...,In) a family of sets (made to evaluate Xt G 
some hnite N D B) The set of monomials m in Ai,...,A„, is written M(Ai,..., A„), \m\ 
its length and I{m) = (A^, ...,if m = .Recall that for J = (Ji,...,U), then 

B)... B). We also set : 

ehB <jhB 

B®^M] 0 ^ (g) (5 0^-;;’^^ B) = 

2=1...n 2=1...n 

Thus we can dehne analytic functions with direct sums in the above sense for C <Z B a. 
von Neumann subalgebra : 

..., : /,R,G) := B ^ m G M(Ai,..., A^, \m\ > l) , 
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: I,R,C) :=B®hih e M{X,,..., X^), \m\ > l) , 

When D = C we don’t write the extra index C and write Ci — C 2 if we consider different 
modules on each side. means the space E with standard norm multiplied by 

We may write B„h{X : I,R,C) for short. There is also an obvious variant with several 
radius of convergence R, S, B^h{Xi, •••, I, R'^Yi, '■ J, S,C), for a second list of sets 

J = (Ji,..., Jm)- We will use it freely later. 

Then, we have several basic results, the hrst one considers evaluations : 

Theorem 34. B^^ehiXi,Xn : I,R,C) C B„h{Xi, ...,Xn : I,R,C) are Banach alge¬ 
bras (even matrix normed) and respectively strong and normal dual operator C bimodules, 
with separately weak-* continuous product in the second case. The algebra generated by 
B,Xi, ...,Xn is weak-* dense in B,jh{X : I,R,C). When C = C they are even ^-algebras. 

For N D B a finite von Neumann algebra, P G B„h{Xi,Xn : I,R,C) defines a map 
(still written) 

n 

p-.Y[[r{h,N)\R^N, 

i=l 

by evaluation (in the algebraic case and then uniguely extended) and : P ha 

P{Xi ,..., Xn) G W*{B, Xi ,..., Xn) for Xi G iV)]/{ is a weak-* continuous C-bimodular 

algebra morphism. This is also a * morphism when C = C and X^ = X*. 

Proof. From lemma |5l it suffices to note that each term of the direct sum is a strong (resp. 
normal dual) operator B (thus C) bimodule, to check that the direct sum is a strong (resp. 
normal dual) operator C bimodule. Both cases are easy by associativity of eh and ah 
products. 

For mi, m 2 G M{Xi, ...,X„)from associativity of module ah product and its definition as 
quotient, one deduces a B bimodular completely contractive map : 

pg'Siah[Iirn2},l] ^|mi| + |m2| 

Note that the separate weak-*continuity of this map is easy from the charaterization of 
[ER031 (5.22)]. 

From the commutation of <^c and and there universal properties, one deduces the 
matrix normed algebra structure : 

Bah{Xi, ..., Xn '■ I, R, C)®cBcrh{Xi, ..., : I, R, C) ^ Bcrh{Xi, ...,Xn i I, R, C) . 

Separate weak-* continuity is easily extended to this setting by norm density of finite 
sums in the direct sums, the commutations above and weak-* continuity of the canoni¬ 
cal inclusion. Note also that once obtained weak-* continuity in the second argument for 
B{Xi,...,Xn : J,/ 2 ,C')®c^l™ 2 l 5 ®<.dhrn 2 ),i] ^ B{Xi,...,Xn : I,R,C), one deduces the full 
case by considering for fixed first argument the predual maps and gathering them by uni¬ 
versal property of Cq direct sums. The case of is similar. 
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For the weak-* density of polynomials, it suffices to check it in each space of multilinear 
variables since hnite sums of variables are normwise dense in the full inhnite sum. But this 
is easy since from |ER031 lemma 5.8], the algebraic tensor products is weak-* dense (using 
also is weak-* dense in its bidual by goldstine lemma and thus so are hnite sums in it) 

in the a Haagerup tensor product. 

The antilinear map Oi 0 e*... 0 (8) a\m\ 0 e^, 0 .... 0 e* 0 a]] extends weak-* 

continuously to giving a completely contractive map we call .* : 

The corresponding map on direct sums gives our * algebra structure. 

ahB I'r . O 

For m = we got from associativity of corollary!?! ~ B) 

j=l...\m\ 

weak-* homeomorphically and the last shuffle map of lemma [HI a complete contraction weak- 
* continuous in the second argument: 


/ _ \ ahB 

S'd 0 K“(4,iv)] 0 ([CB(r(4,iv),(B®i';-‘'B),)]«) 

y=l...|m| y j=l...|m| 

and then compose with the tensor products of the normal extension obtained in proposition 
[33] to get a map valued in ; 

ahB ahB 

^ ■. (g) ([C'R(£°°(4,,iV),(R0S’'^5)^)]^) 

j=l...|m| j=l...|m| 

which we hnally compose to the canonical weak-* continuous multiplication map to : 
]\f^ahB{\m.\+i) Since the map rria o o is C bimodular, it extends to direct 

sum, after using also diagonal maps to projective tensor product, and restriction to unit balls 
to obtain contractions after multiplication of the norm by Normality then enables to 
build module predual maps with the same cb norm, that can be gathered via the universal 
property of Cq sums and gives the expected weak-* continuity. This concludes to the dehnition 
of ev. The * algebra morphism property is easy on the polynomial algebra and extended by 
separate weak-* continuity and density. □ 

For a second list of sets /' = (/j,..., I'm), we will write •••, ■ I, R, C) or for 

short, B„^e)h^i>{X : /, R, C) the subspace of Yi, •••, km : (?, I'), R, C) linear 

in each 1? with Y^’s in increasing order of k in each monomial. 

We will use this space to deal with free difference quotients on this space of analytic 
functions. 
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Proposition 35. : I,R,C) is mapped completely boundedly weak-* contin¬ 
uously by the iterated free difference quotients = {dxi^ <8 ... dxi^ to 

: /, S,C) 

C B,h{X ■.D,S,C-C) B^f,{X : D, S, B^^lX -.D^S^C-C) 


(these last inclusions being completely contractive but not isometric) with = {fi ,..., /ij.) 

for S < R. 

Moreover B„(f,)h®r{Xi, ...,Xn ■ I,R,C) is a (matrix normed) bimodule over Bo-(e)h{Xi, 

I, R, C) with separately weak-* continuous product so that dxi becomes a derivation and, for 
N D B a finite von Neumann algebra, P G Bcr{e)hm'{^ii •••; '■ I, R, C) defines a map (still 

written) 

n 

i=l 

by evaluation (in the algebraic case and then uniquely extended) and ^ 

F(Xi, ...,Xn) e W*{B,Xi, forXi e f°°{Ii,N)]R, is a (weak-* continuous in 

the case without index e) C-bimodular contraction and compatible with the B„(e)h{Xi ,: 
/, R, C) module structure with the relation 


crh<S)I' 

° o ev 


aeh<S)I' 


for the canonical inclusions ixy '■ ■ B^jeh^ifiXi, : J, R, C) 

Bah^ri^i, '■ fiR,C) 


Proof. Let us write nxi{m) the number of variable Xj in a monomial. For the free difference 
quotient, we start from the formal differentiation : 


dx, : F.(e)h(Xi,...,X,, : p,R,C) ^ ^ ^ ^ M(Xi,...,X0, \m\ > 1 


These are completely bounded maps since |m|(S'/F)l”^l are bounded. For the free differ¬ 
ence quotient, to see there is a canonical map to the expected B{Xi,Xn ■ D,R) ®ehD 
B{Xi, ...,Xn : D,R), one uses the following lemma to each term of the direct sum induc¬ 
tively, and then the universal property of R direct sums to combine them. The iterated case 
is similar and building the evaluation map similar to the one of the previous theorem. The 
matrix normed module map is induced by the multiplication on Fo.(e)h(Xi,..., X„, Yi,..., : 

(/, /'), R, C). The relation between evaltuations is similar to a relation that will be explained 
in detail in the proof of Theorem [39] bellow and also left to the reader. The derivation prop¬ 
erty for dxi is obvious on polynomials and then extended by weak-* density using various 
separate weak-* continuities. □ 


The following result is a normal Haagerup variant of |OP971 lemma 7], the proof is the 
same using universal property of R — Cq direct sums and standard duality tricks. 
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Lemma 36 . Let Ei, E2, Fi, F2 dual operator spaces, let X = {Ei E2) ®ah (-^i -^2)- 

Let S he the closure of the subspace obtained by functoriality of Haagerup tensor product 
{El ®„h Fi) + {E 2 ®ah F 2 ) C X. Then we have : 

S ~ {El Fi) ©^ {E2 ®ah F2), 

completely isometrically. 

Proof. From the complete isometric inclusion 

{El ®h Fi) ©^ {E2 ®h F2) —>■ {El ©^ E2) ®h {Fi ©^ F2) 
one gets by duality the composition of canonical inclusion and complete quotient map 
((Ei),©°°(E2)*)©eh((Fi),©°°(F2),) C {El(B^E;)®eh{Ff(B^F;) ^ {El®,hFf)(B°^{E;®,hF;) 
but by the universal property one have a map 

((-Fl)* ©°° {F2)*) ®eh ((-^1)* ©°° {F2)*) ((-Fl)* ©eh ((-^2)* ©eh {F2)*) 

that coincides with the previous map when composed with the canonical injection. 

To see this map is a complete quotient map, take contractions u G ((F^i)* ©eh © 

CB{Ei ®h Fi,C),v e ((^ 2 )* ©eh (-^ 2 )*) C CB{E2 ®h F2,C) a nd now use Christensen- 
Sinclair theorem as in |OP971 lemma 7] but in the version of |ER031 Thm 5.1] so that 
u{xi ® X2) = Ui{xi)u2{x2),v{yi ® y2) = Vi{yi)v2{y2) with vi e CB{E2, B{C, H)),V2 G 
CB{F2, B{H,C)), ui G CB{Ei, B{C, H)),U2 G CB{Fi, B{H,C)) contractions with all the 
maps weak-* continuous. Then the map a = ui (B vi : {Ei ©^ E2) —)■ i?(C, H), (3 = U2 ® V2 : 
(Fi ©^ F2) — )■ B{H,C) are complete contractions and weak-* continuous and a.(3 is the ex¬ 
tension of M + T to {El ©^ E 2 ) ®h {Fi ©^ F 2 ). By separate weak-* continuity this extension is 
in ((Fi)* ©°° (F 2 )*) ©eh ((-^ 1 )* ®°° (-^ 2 )*) so that one gets the stated complete quotient map 
that gives the desired complete isometry by duality. 

□ 

It will be convenient for us to gather evaluations of free difference quotient in a map with 
values in series to obtain a Taylor expansion. We need extra notation. For convenience, 
we write for a monomial m = For m G M(Yi,...,W) with 

m = we write m{X) = Xi^...Xi^^^ G M(Yi,...,W). A submonomial Z C m is 

merely I = for which there is an increasing sequence ki < ... < k\i\ with jo = iko 

the sequence k being hxed in the submonomial (as a range of a map is hxed in a map). 
{I C m){T,Z) is then the monomial in Ti,..., T|;|, ©1, ..., ©„ dehned by (/ C m){T,Z) = 
Zij...© 4 ^_iriZjj,^+i...Zjj,^_iT 2 ... i.e. we replace 17 by Zi except at the positions of k where 
we substitute Ti in increasing order. 

Finally recall that, with direct sums, comes canonical injections so that for a word 
in m G M(©i, Fj,..., lA) having only one of each T) in increasing order, there is a 






52 


YOANN DABROWSKI 


completely contractive weak-* continuous maps 

Lemma 37. Let N D B a finite von Neumann algebra Xi G [£°°{Ii, N)] andn G M{Yi, ...,Yn), 

A = W*{B,Xi, ...,Xn). Assume mmi[R-\\Xi\\] = S > 0 , thenforany P G -Ba(e)/i(gi7'(-^i, ■■■,Xn '■ 
I, R, C) we have 


■= [dn(X)PW ® 

\ nCmeM(Yi,...,Y„) 

^ ■^cr(e)h®I{n) J, S,C) 


and ev'^x^^ ® (weak-* continuous in the case without index e) C-bimodular contraction 
and algebra homomorphism such that for any Zi G iV)]5 we have 




ev 


iYyy'Xp ))=. x,.^z,.)(d':Lp)- 


Proof. The last equation is obvious on polynomials and is nothing but a rewriting of |DablOt 
(17)] in a more abstract language, or said otherwise this is a non-commutative Taylor formula 
for polynomials. Once built, this will extend by weak-* density and continuity. 

Let T = max(||Xj||) so that ’s + T = R. 

To build ev'l^xi^~xl'j we decompose in the composition of two maps, one associated with a 
formal differentiation 


g^<7(e)h ^ 0 h>^Cm;P){y,Z;X) ((^)]) 

y nCm£MiYi,...,Y„) 

^ Ra{e)h(^I{n){Zl, ■■■, Z„, I, S; Xi, ..., : I,T,C) 

with i(ncm]P)(Y,Z;X) US before but with all the other variables of P formally evaluated at X. 
Seeing this map is completely contractive is only applying binomial formula on (S' -|- T)"' for 
each monomial block P in which case the map reduces to a map of the form P i—)■ (P...., P) 
of copied monomial index with different weight in the monomial expansion. It then suffices 
to apply a universal property of P sums to go beyond the monomial case.This map is then 
composed with evaluation in Xi variables which is treated as before and as much weak-* 
continuous as before. □ 


We can also use evaluation in a flexible way to produce operations on non-commutative 
analytic functions we will need later : 

Lemma 38. Let N D B a finite von Neumann algebra X^ G and n = Xj^..., G 

M(Xi, ...,X„). For any P G P^(e)h(Xi, ...,X„ : I,R,C) Oi, G A = iy*(P,Xi, ...,X„), 
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Jjj., there is Q E CB{A, ■ h, R, C)) such that for any a,b,c E A, 




(Q(a))6) = 




(Xl,...,Xn) 






= .x„)(al"t',, -P))l#(s'‘"'>,.... 


*m+l 


where (5'*'^’*^^ ..., 5'(™+i’*"i+i))) are a semicircular system free with amalgamation of one an¬ 
other and from A and being an r]i. semicircular over B. 


Once Q{a) is understood as a polynomial version of 


Ea\SI 


{m,in 

jm 




the result is obvious, we make C act on the space for Q by {ciQc 2 ){a) = Q{aci)c 2 so that 
the map P ^ Q will be C bimodular and will pass to modular R direct sums. The existence 
of this map by separate evaluation is easy on each monomial space and left to the reader. 


3.2. Definition and evaluations. We are now ready to introduce our generalized analytic 
functions relative to covariance maps. We consider B a hnite von Neumann algebra. Let 
also 7] = (? 7 i, ...,r]n) a family of covariance maps rji ■. B ^ Mi.{B). 

We are going to dehne B{Xi, ...,Xn '■ rj, R) This will be a set of non-commutative analytic 
functions that will be evaluated at X^ in a set of r]i variables. The radius of convergence in 
X variables will be R. For a vector space X, X^ will be the ball of radius R. The set of 
monomials m in Xi, ..., is written M(Xi, ...,Xn), \m\ its length and ri{m) = ..., rji^^^) 

if m = Xi, ...Xi, ,. 

Thus we can dehne analytic functions with R direct sums in the above sense for C G B a 
von Neumann subalgebra : 

B{X ,,..., : 77, R, C) := B ^ ^ ^ M(Xi,..., XJ, \m\ > l) . 

When D = C we don’t write the extra index C. R}'^^E means the space E with stan¬ 
dard norm multiplied by There is also an obvious variant with several radius of 

convergence R,S, B{Xi,..., Xn : rj, R-,Yi, ...,Ym : for a second list of covariance maps 

T]' = {ri[, ...,? 7 ^). We will use it freely later. 

Note we will still call weak-* topology the topology on B„eh{Xi,..., Xn : I,R,C) C 
B(jh{^i, ■■■)Xn : I,R,C) induced by the weak-* topology (even if this is a dense subspace). 

Then, we have several basic results, the hrst one considers evaluation and composition : 

Theorem 39. B{Xi,..., Xn : ri,R,C) is a Banach algebra (even matrix normed) and a 
normal dual operator C bimodule. 

P^^^ : B^,n{X,,...,Xn : I,R,C) -E B{X,,...,Xn : V,R,C) 
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is a weak-* continuous complete quotient map inducing a final topology of the weak-* topology 
(induced by B„h) which is separated and we will call aeh-weak * topology. The algebra 
generated by B,Xi, ...,Xn in it is aeh-weak-* dense thus weak-* dense . When C = C it is 
even a ^-algebra. 

For N D B a finite von Neumann algebra, P G B{Xi ,: rj, R, C) defines a map (still 
written ) 

n 

i=l 

by evaluation (in the algebraic case and then uniquely extended) and ev(^Xi,...,x„) ■ P 
P{Xi,Xn) G W*{B, Xi,Xn) for Xi G [ 77 ' fl is a C-bimodular algebra mor¬ 
phism. Moreover we have so that ev(Xi,...,x„) is aeh-weak-* 

continuous. This is also a * morphism when C = £■ and Xi = X*. 

The reader should note that our proof of the relation with previous evaluations uses 
strongly one considers and not a variant dehned on Bfjh{X : /, P, C). 

Proof. For mi, m 2 G M{Xi, ...,Xn), from the canonical isomorphism of ex¬ 

tended Haagerup product over B proved in lemma l30l one deduces a B bimodular completely 
contractive map : 

7 :^|mi| + |m 2 | jgiSin,*hV{mim2) 

From the commutation of and ifi and there universal properties, one deduces the matrix 
normed algebra structure : 

B{Xi, ..., Xn : 7 ], R, C)®cB{Xi,..., Xn : p, R, C) —)■ B{Xi,..., Xn '■ p, R, C). 

From lemma |5l it suffices to note that each term of the direct sum is a normal dual operator 
B (thus C) bimodule, what we did in lemma [301 to check that the direct sum is a normal 
dual operator C bimodule. 

pueh jg easily combined from the maps P^ built in theorem [201 From the commutative di¬ 
agram there, we also have a similar complete quotient map P'^^ : Bnh{Xi, ■■■iXn '■ I, R, C) —)■ 
B{Xi, ...,Xn : p, R, C) which is obviously weak-* continuous from this property for and 
such that if i : Pa-e/i(2^i, Xn '■ I, R, C) C B^hiXi,..., Xn : I, R, C) is the inclusion we have 
P^^ o i = p^eft, deduces the stated weak-* continuity for The separatedness of 

the hnal topology then follows from the separatedness of the weak-* topology at the target. 
The aeh-weak-* density then follows readily from theorem |311 

The antilinear map Oi ® 02 ( 8 ) a\ extends weak-* continuously to B B giving a 

completely contractive map we call .* : B®nhB —)■ B®nhB and {XjfS^^'^)* = Thus 

it induces a map B —)■ B®yj*hrii B. Of course we extend it to 

by oi ®B ••• ®B a\m\ a*m\ < 8 )b .... <85 a!, a* G B ®w*hr){m)i B. The corresponding map on 
direct sums gives our * algebra structure. 
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We now build evaluation maps the second one on ■ 

I, R, C). We show the expected relation x^) then show 

^^(Xi Xn) coincides with the restriction of the map built in theorem [SH Separating the 
reasoning in two steps will enable to divide questions around quotients from those around 
inclusion of extended to normal Haagerup products that have to be treated with different 
preliminary arguments we established earlier. 

For m = we got from associativity and shuffle maps of corollary [7] a complete 

contraction 


ehB 




and similarly 


S' 

0,1 


aeh 


[r{Ii.,N)] I 0^ 




ehB 










From the commutative diagram in the stated corollary, one deduces the relation between 
them if we recall Pr,{m) = ®ehB ■■■ ^ehBVrn^ , from theorem [29l we have when restricted 
to common domains 


ehB 

O (1 ® = 1 0 (l®p,p]oS-^ 

Then we can compose with the tensor products of maps obtained in proposition [33] to get 
a map valued in ■ 

ehB ehB 

M-eh(i)_ (g) (g) ([£“(4.,iV)]0''"^(S0l';^’'^S)) 


ehB ehB 

(g) (g) ([r/'^,n£~(4.,iV)]0''"''(5 0^*,,,^, 5)) 

ehB 

By definition from restriction and quotient we have o [ (1 0 p,^. J] = 

We of course finally compose to a multiplication map to m : A^'^ehs(l™l+i) —>■ N. Since the 
maps m o o Sm and m o o are C bimodular completely contractive , they 

extend to direct sum, using also diagonal maps to projective tensor product, and restriction 
to unit balls to obtain contractions after multiplication of the norm by . This concludes 
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to the definition of ev(Xi,. -.Yn), respectively. From m oo S'mo (10 Prj{m)) = 

m o o one dednces the expected relation ev(Xi,...,Xr,)P'^'^^ = Xn)- 

It remains to check that is the restriction of P^^. First note that using the argument 
for the commutative diagram in lemma | 8 ] and with some notation from there and with 

, and J^(m) from 


ehB 


t^iLjD crhB / 

1 ■ ^ A, ^ (g) A,, for A, = ([C'5(£~(4,iV),(5 

theorem [2^ one gets: 


^ah 


ehB 


Jo 






B) 


If similarly, Ix '■ iV®'='"'S(|m|+i) j\r®<Ths(|m|+i) jg easy to see on canonical represen¬ 
tation that o I = Ix o -with 


ehB 




M 


BJi, ,N 


ehB 




j=l...\m\ 






so that one can use the extension relation obtained in propositionlH^M 


#(Th* ^ 




ih. 


fo gsf using also m„ o Ix = m (note this is the relation that has no analogue for 
the projection between normal and extended Haagerup products) 

m o o = m„oIxo o o (1 0 

Since l : B„eh{Xi,..., Xn : I,R,C) C B^hiXi,..., Xn ■ I,R,C) is gathered by direct sum 
from Jri{m), we have thus obtained our extension relation o l = 

The * algebra morphism property for en(Xi,..,,x„) is easy since so are and 

For a second list of covariance maps rj' = we will write B^jji{Xi, ...,Xn ■ 

rj, R, C) or for short, B^j^>{X : rj, R, C) the subspace of B{Xi, ..., X„, Yi,..., Ym : (//, rj'), R, C) 
linear in each Yk with Y^’s in increasing order of k in each monomial. One also deduces an 
induced complete quotient map and the corresponding aeh-weak-* topology : 

P^rf ■ Baeh^r{Xi, ■■■,Xn '■ J, R, C) —)■ P|g)^/(Xi, ..., : T], R, C). 

We will use this space to deal with free difference quotients on this space of analytic 
functions. 

Proposition 40. B{Xi,Xn : rj,R,C) is mapped weak-* continuously completely bound- 
edly by the iterated free difference quotients = {dxi^ 0 to B(^y{X : 

p,S,C) withp' = Moreover, so that is also 

aeh-weak-* continuous. 
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Finally is a (matrix normed) bimodule over B{Xi,Xn ■ 

ri,R,C) and, for N D B a finite von Neumann algebra, P G : I,R,C) 

defines a map (still written) 


P : Ylfi', n e°°{R, N)]ji 

i=l 


by evaluation (in the algebraic case and then uniguely extended) and 
PiX^,...,X^)eW*iB,X,,...,X^)^-*^^'°^^,forX,e[v'ni°-{Ii,N)]R, with " 


ev 


®ri' 

(Vi,...,V„) 


o 


Pn,v' ° ev 


aeh<^I' 


p ^ 


with the canonical map PN,rj' ■ ^ ]\[^n,*hv'°EB ^ is a C-bimodular 

contraction which is continuous from aeh-weak-* to weak-* topology, and compatible with 
the B{Xi,Xn : p, R, C) module structure. 


Sketch of Proof. The proof being similar, we mostly leave it to the reader. We only emphasize 
some key tools. We use the following commutation relations for B G N, Lw*hrii '■ B®n}*hriiB —?■ 
N ®w*hrii N the inclusion from theorem [29] is dehned in the proof there to satisfy with 

Lah '■ B B ^ N N the relation Pr^ioEs ° = i^w^hru ° Prf- Moreover, one also uses 

PrjioEB is N bimodular between normal bimodule so that bimodularity extends to normal or 
extended haagerup products. Finally we use the relation ev(^^^ oi^r = l-nj' 
stated in proposition [35] to check is continuous from the topology induced from 

the weak-* topology by to the topology induced on for the topology induced 

by the weak-* topology of i.e. the initial topology for iN,r- We then use is 

continuous from this topology to the weak-* topology. Since the aeh-weak-* is merely the 
hnal topology via from the one induced from the weak-* topology by the relation 

we stated o P^®? = Pv,r?' ° inipli^s exactly the stated continuity. □ 


3.3. Conjugate variables and analytic relations. We recall the dehnition from [ShlOO] 
of 17 -conjugate variables slightly extended it to a family of (r-symmetric) covariance maps 
p = {pi ,..., pn) with Pi ■. B ^ B ® B{L‘^{Ii)). The case stated there is the case with | Jj| = 1. 

Note that with the remark before lemma 3.2, the original dehnition uses a change concrete 
realization of te variable with same law to look at algebraically free variables in a way 
perfectly similar to the more recent dehnition in [MSW14] (in the case p = r). Our phrasing 
is more similar to this version. 


Definition 41. Let [N, r) D B a W* probability space and p as above. Let X = (Xi,..., Xn), 
Xi E i°°{Ii,N). We say that with G L^{W*{B, X))) are (hrst-order) 

conjugate variables for X relative to p if for any P G B{Xi, ..., Xn) C B„eh{Xi, ..., Xn ■ 
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I, R, (7), the algebra generated by B,Xi ,in it we have : 

Vi,Vi e T(P(x)(f) = T(sf|(axY)(v)]#s®), 

with {dxiP){X) 6 defined in proposition!^ (d'be/i tt family of r/, semicircular 

variables relative to N and is dehned before proposition [T8l 

Lemma 42. Let be conjugate variables for X relative to rj, Xi G 

(1) If I |Xj| I < R for all i then, for any P G B„h{Xi ,: J, R, C) we have 

Vi, Vi e /. T(P(A')?f) = T(sf l(ax,P)(A)]#S<‘l). 

(2) //{(■>£(’“(/„ IV(B, A)) (^we sa?/ bounded conjugate variables) then 

eri[l\r{h,W\B,X)). 

Proof. (1) is obvious from the weak-* continuity and density in theorem [Ml proposition IMl 
for evaluations and free difference quotients and the one of d ha from proposition [33] 

(2) For di, d 2 & D since D is in the kernel of dx^, then 

r(F(X)dief da) = r(S'f [(ax,(d2Pdi)(X)]#F«) = r(diS'f d2[(ax,(P)(X)]#F«). 

Now, since d ha and x ha are weak-* continuous from proposition 1331 and 

D ®aig ®aig D C D D is Weak-* dense, one deduces, for all d G F D : 

r(P(.Y)<i#A)) = (P)(.Y)]#S(‘1). 

Thus since if d G Ker{pr^f), we have = 0 by dehnition and since P{X) are weak-* 

dense in W*{B,X) on deduces = 0 as expected. □ 

Example 43. We have the typical example of fShlnnl Prop 3.12]. LetXi,...,Xne {N,T)free 
with amalgamation over B with Si,Sn free with amalgamation with respect to one another 
and Si an pi semicircular variable over B, then for e > 0, Y = (Xi -|- i/eSi, ..., -|- s/eSn) 

has conjugate variable {^Ew*{y,b){Si), ^Ew*(Y,B){Sn)). 

We are now ready to get an absence of analytic relations in the spirit of |Dabl01 lemma 
37]. Our preparatory work reduced the proof to be formally the same. 

Theorem 44. Let (,^7)^ _ conjugate variables for X relative to p with ||Xj|| < R. 

Then the evaluation map on B^h{Xi ,..., : I, R,B) has its kernel included in the 

one of the complete guotient map : B„h{Xi ,..., X„ : I, R, B) ^ B{Xi ,..., : p,R,B). 

Especially, if we assume Xi G Pi H £°°{Ii, N) Then the evaluation map ev(Xi,...,Xn) on 
B{Xi,Xn : p,R,B) from theorem\^is one-to-one. 
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Proof. Consider P in the kernel of ^ From the derivation property, of dxi on 

Xn : /, -R, C) we have for P,Q,R^ Bo-h{Xi,Xn : I, R, C) we have 


T(Q{X)SfR(X)[(dx.P){XMS‘~‘y) 

= T(fi(.Y)P(A')Q(X)ef) - T{sf\idx.R)PQ + fl/’(Sx.Q)](A')#S“>) = 0. 

By weak-* density, one dednces that one can replace Q{X),R{X) by a, 6 G W*{B,X) and 
then again by density one dednces = 0 in hF*(S, X) hrjioEB W*{B,X) 

since this space has been dehned so that is one-to-one. 

Let ns show by indnction on m that for p' = = 0 in 

W*(B, 

Assnming by indnction the length A;, one nses lemma 1381 with n = From the 

indnction step and the hrst formula in the lemma, one gets x„)(^(®)) = 0 so that by 


the reasoning above = 0 and the the second formula in the lemma 

implies im = 0 in This completes the 

induction step. 

This implies = 0 and thus from lemma [37| in seeing sXi = Xi + 

(s - l)Xi, that for s close to 1, ° hF*(P, Then 

iterating, one gets the same for all s G [0,1] and thus especially o)(^(h ifc)(-^)) = 0 

(3 pT*(P, (from theorem[29]for the inclusion) This is exactly P°'^(P) = 0 

in P(Xi,...,X„ : ri,R,B) seen componentwise in the direct sum. This concludes. □ 
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